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Cosmological Asymptotics in Higher-Order Gravity Theories
by Georgios Kolionis
We study the early-time behavior of isotropic and homogeneous solutions in vac-
uum as well as radiation-filled cosmological models in the full, effective, four-
dimensional gravity theory with higher derivatives. We use asymptotic methods
to analyze all possible ways of approach to the initial singularity of such universes.
In order to do so, we construct autonomous dynamical systems that describe the
evolution of these models, and decompose the associated vector fields. We prove
that, at early times, all flat vacua as well as general curved ones are globally at-
tracted by the ‘universal’ square root scaling solution. Open vacua, on the other
hand show in both, future and past directions a dominant asymptotic approach to
horizon-free, Milne states that emerge from initial data sets of smaller dimension.
Closed universes exhibit more complex logarithmic singularities. Our results on
asymptotic stability show a possible relation to cyclic and ekpyrotic cosmologies
at the passage through the singularity. In the case of radiation-filled universes
of the same class we show the essential uniqueness and stability of the resulting
asymptotic scheme, once more dominated by t1/2, in all cases except perhaps that
of the conformally invariant Bach-Weyl gravity. In all cases, we construct a for-
mal series representation valid near the initial singularity of the general solution
of these models and prove that curvature as well as radiation play a subdominant
role in the dominating form. A discussion is also made on the implications of these
results for the generic initial state of the theory.
ΠΑΝΕΠΙΣΤΗΜΙΟ ΑΙΓΑΙΟΥ
Τμήμα Μηχανικών Πληροφοριακών και Εpiικοινωνιακών Συστημάτων
Περίληψη
Διδακτορικής διατριβής
Ασυμpiτωτικές Ιδιότητες Κοσμολογιών σε Θεωρίες
Βαρύτητας Υψηλότερης Τάξης
ΓΕΩΡΓΙΟΥ ΚΟΛΙΩΝΗ
Μελετάμε την piρώιμη συμpiεριφορά, ισότροpiων και ομογενών λύσεων τόσο
στο κενό όσο και σε κοσμολογικά μοντέλα με ακτινοβολία στις piλήρεις, λυσιτελείς
(effective), τετραδιάστατες βαρυτικές θεωρίες υψηλότερης τάξης. Χρησιμοpiοιούμε
ασυμpiτωτικές μεθόδους για να αναλύσουμε όλους τους piιθανούς τρόpiους piροσέγγισης
της αρχικής ιδιομορφίας σε τέτοιου είδους σύμpiαντα. Εφαρμόζουμε αυτά τα μαθη-
ματικά εργαλεία κατασκευάζοντας αυτόνομα δυναμικά συστήματα piου piεριγράφουν
την εξελιξη αυτών των μοντέλων και διασpiάμε τα αντίστοιχα διανυσματικά piεδία.
Αpiοδεικνύουμε ότι σε piρώιμο χρόνο όλα τα εpiίpiεδα καθώς εpiίσης και τα καμ-
piυλωμένα κένα σύμpiαντα έλκονται συνολικά αpiό την `καθολική΄ λύση του piαράγοντα
κλίμακας ως τετραγωνικής ρίζας της χρονικής συνιστώσας. Τα ανοιχτά κενά σύμpiαντα
εpiιδεικνύουν piιο piολύpiλοκες λογαριθμικές ιδιομορφίες. Τα αpiοτελέσματά μας για
την ασυμpiτωτική συμpiεριφορά, αναδεικνύουν μια piιθανή συσχέτιση με τις κυκλικές
και εκpiυρωτικές κοσμολογίες κατά τη μετάβαση διαμέσου της ιδιομορφίας. Στην
ίδια κατηγορια συμpiάντων με ακτινοβολία, δείχνουμε την ουσιώδη μοναδικότητα και
ευστάθεια των piροκυpiτόντων ασυμpiτωτικών σχημάτων, στα οpiοία και piάλι εpiικρατεί
η t1/2, σε όλες τις piεριpiτώσεις εκτός ίσως αpiό τη σύμμορφη αναλλοίωτη βαρύτητα
Bach-Weyl. Σε κάθε piερίpiτωση κατασκεύαζουμε μια αναpiαράσταση των γενικών
λύσεων αυτών των μοντέλων σε μορφή τυpiικής (formal), σειράς γύρω αpiό την αρ-
χική ιδιομορφία και αpiοδεικνύουμε ότι τα χαρακτηριστικά τόσο της καμpiυλότητας όσο
και της ακτινοβολίας διαδραματίζουν υpiολείpiοντα ρόλο στην εpiικρατούσα συμpiερι-
φορά. Αναφερόμαστε εpiίσης στις γενικότερες συνεpiειες των αpiοτελεσμάτων μας για
την τυpiική αρχική κατάσταση της εν λόγω θεωρίας.
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Chapter 1
Introduction
It is generally accepted that modern cosmology was born with the discovery of the
theory of general relativity (GR)[1, 2] about 100 years ago. GR was developed as
a theory about the nature of gravity. However, since gravity holds a special place
among the fundamental forces of nature in the sense that it is the only one that
seems to play an essential role at the macroscopic level, gravitational theories are
those that form the basis upon which the cosmological models are built. Therefore,
naturally the discovery of such a radical and universal gravitational theory gave rise
to a dizzying development of cosmology. In just 100 years and in combination with
the rapid technological development that boosted both our observational as well
as our experimental capability, our knowledge about the universe rocketed to such
an extent that the creation of a universal unified theory of ‘everything’ escaped
the realm of fiction and began to be considered a feasible scientific objective.
The original mathematical background of GR is Riemannian geometry which
had been already developed from the mid-19th century. In the mathematical basis
of GR we consider a four-dimensional Lorentzian manifold, which is the unified
expression of space and time in a single entity called spacetime. Gravitational
phenomena are implemented through the metric defined on this manifold, a rank-
2 tensor gµν for which we employ the space-like convention, such that it has the
signature (− + + + ) when diagonalized and thus, the line element has the form
ds2 = −dt2 + dx2 + dy2 + dz2. (1.1)
Following the sign conventions of [3], the Riemann and Einstein tensors are given
by
Rµναβ = ∂αΓ
µ
νβ − ∂βΓµνα + ΓµσαΓσνβ − ΓµσβΓσνα (1.2)
1
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Gµν = Rµν − 1
2
gµνR (1.3)
where
Rµν = R
σ
µσν and R = R
σ
σ (1.4)
are the Ricci tensor and the scalar curvature respectively. Under these conventions
we write the field equation of GR, also known as the Einstein equation, as
Rµν − 1
2
gµνR = 8piGTµν − gµνΛ (1.5)
Here Tµν is the energy-momentum tensor and Λ is the cosmological constant. This
equation forms a set of 10 partial differential equations (PDEs) - one for each of
the 10 independent components of the metric tensor - which contain up to second-
order derivatives of the metric gµν in 4 variables.
Within this general mathematical background and simultaneously with the
formulation of GR, David Hilbert showed [4] that the derivation of the Einstein
equation under the Hamiltonian formulation of a classical field theory was possible
for a Lagrangian density of the form
L = 1
16piG
(R− 2Λ) + LM(gµν , ψ). (1.6)
The assumption that the action
S = 1
16piG
∫
(R− 2Λ)dµg +
∫
LM(gµν , ψ)dµg (1.7)
where dµg =
√−gd4x, is an extremum under arbitrary variations of the metric
gµν leads to Eq. (1.5). As we will see below very soon it became apparent that a
different Lagrangian density could lead to other more exotic gravity theories.
Since a detailed presentation of GR deviates from the purpose of this thesis
we refer the interested reader to the classical textbooks [3, 5–10].
In order to built a cosmological model based on GR one must basically de-
termine a metric gµν that will satisfy the Einstein equations (1.5) under certain
constraints based on specific assumptions about the physical interpretation of the
specific model. The assumption of homogeneity and isotropy of the universe leads
to the well known Friedmann-Robertson-Walker (FRW) metric gµν given, in spher-
ical coordinates, by the line element [11–16],
ds2 = −dt2 + a2(t) ( dr
2
1− kr2 + r
2(dθ2 + sin2 θdφ2)) ≡ gµνdxµdxν , (1.8)
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where a(t) is the scale factor and k is the constant curvature of the spacetime,
normalized to take the three values 0,+1 or −1 for the complete, simply connected,
flat, closed or open space sections respectively [3, 5, 17]. We note that by assuming
this form of the metric one imposes the assumption of homogeneity and isotropy
in the cosmological model under consideration regardless of the chosen gravity
theory which is generaly expressed through the specific form of the gravitational
field equations. During the course of this thesis we will assume homogeneity and
isotropy over the universes we will be studying, hence it is exactly the form (1.8)
that will be imposed on the field equations of the modified theory of gravity we
will be studying and will be explained in the next section.
An important FRW cosmological solution of the Einstein equations, (1.5),
which plays a key role in the interpretation of our results is the Milne universe.
In this cosmological model the constant curvature k takes the value −1 and the
universe is considered to be completely empty. In this case a(t) = t and the metric
takes the form [18]
ds2 = −dt2 + t2 ( dr
2
1 + r2
+ r2(dθ2 + sin2 θdφ2)) ≡ gµνdxµdxν , (1.9)
As expected, since the Milne universe is an exact solution of GR for an isotropic
universe without matter, it is in fact a piece of the Minkowski spacetime in ex-
panding coordinates [3, 19].
1.1 Modified theories of gravity
Despite the enormous influence and impact of GR on the scientific community, it
did not take long at all for the first proposals to appear either for its modification
or its expansion. The task for its unification with the quantum theory of fields
which constitutes the other pillar of modern science in order to be led to a unified
theory, is definitely one of the strongest motives for every scientist in this field
ever since. Already before 1920, the ideas of Eddington [20], Weyl [21] and Kaluza
[22] set out the basic guidelines for some of the most influential and productive
modifications of GR.
The investigation of the possibility of the dependence of Newton’s constant
of the time, led to the creation in 1961 of the theory of Brans-Dicke [23–25],
which in turn became the foundation of the so called scalar-tensor theories. In
this great class of gravity theories which in general assumes the existence of extra
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fields in the Lagrangian of the theory, one can also include the Einstein-Aether
theories [26], the bimetric theories of gravity [27–29] and the tensor-vector-scalar
theories [30] among others. While in GR gravity is mediated through a 2nd order
tensor field, nothing precludes the existence in the field equations of other fields,
scalar, vector, tensor or even of higher order. The existence of such fields is usually
implemented through weak couplings in order to enable their study in scales which
are comparable to the GR. This does not mean of course that there have not been
efforts in other directions.
Another feature of GR which turned to a great incentive for the creation of
a large class of modified gravity theories, is that GR is the most general theory
whose field equations contain at most second order derivatives of a single metric
[31, 32]. The development of generalized gravitational theories with higher-order
derivatives of the metric was based largely on the hypothesis that the Einstein-
Hilbert action is a simplification of a more general action which due to quantum
fluctuations of spacetime contains higher power corrections. These corrections
may take many different forms, and the exploration of this class of theories has
given rise to a large discussion on its phenomenological implications. In the next
section we will discuss more specifically this class of gravity theories since the
cosmological models that will be explored during the course of this thesis will be
built on a specific subset of such higher-order gravity (HOG) theories.
The systematic studies for the construction of a quantum field theory of
gravity has been the third major motivation for the creation of modified gravity
theories. Given that developement of Riemannian geometry is not restricted to
four dimensions, the mathematical tools were already available for evolving any
kind of proposal in higher dimensional spaces. The work of Kaluza and Klein
already introduced in 1919 the extra dimensions in the study of gravity, and was
the ideal substrate for the subsequent development of superstring and supergrav-
ity theories that followed the appearance of the notion of supersymmetry. The
discovery of D-branes [33] made a great impact towards that direction as well.
Since there exists a fundamental contradiction between the experimental behavior
of gravity in more than four dimensions and the lack of ability of superstring the-
ory to be formulated consistently in less than ten, there has been a considerable
effort for the solution of that problem and various proposals have been presented
to that end. The most prominent of them along with some references for more
detailed descriptions being the Kaluza-Klein theories [22], Randal-Sundrum grav-
ity [34, 35], brane-world gravity [36], Dvali-Gabadadze-Porrati gravity [37] and
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Lovelock gravity [31, 32, 38] among many others.
Modified theories of gravity have been developed in a multitude of directions
that are impossible to meet the narrow scope of this Introduction. For a more
complete description of modified gravity theories and their implications in cosmol-
ogy see [39, 40]. In the next section, we take a closer look to the higher-order
gravity theories which constitute the main core of this thesis.
1.1.1 Higher-order gravity theories
As mentioned earlier, allowing the action to include higher-than-second deriva-
tives of the metric, is the main feature of the large and extensively studied class
of HOG theories. One of the most important advantages of such theories is the
fact that they show improved renormalization properties, by allowing the graviton
propagator to drop off faster in the violet spectrum. There are quite a few ways
that can lead to that result, and have been followed by different researchers of
this class of gravity theories. The simplest of them include either adding specific
higher order scalar curvature invariants to the Einstein-Hilbert action or, a more
straightforward approach, considering the Lagrangian as a general function of the
scalar curvature. This latter kind of HOG theories are generally known as f(R)
theories and as we will see right after they show some very interesting phenomeno-
logical behavior addressing several problems of modern cosmology. f(R) theories
manage to avoid certain instabilities that emerge from the higher order derivatives
of the metric by causing them to act in a way that turns some commonly non-
dynamical sectors into dynamical ones [39]. Similar approaches involve adding to
the Einstein-Hilbert action general combinations of the Ricci and the Riemann
curvature invariants or, as it happens in the case of Horˇava-Lifschitz gravity [41–
44], allowing only higher-order spatial derivatives and excluding the higher-order
time derivatives in order to prevent the existence of ghost instabilities. Since the
cosmological models that this thesis describes fall, as shown in Chapter two in the
category of the f(R) HOG theories, we will now see these theories in greater detail.
1.1.2 f(R) Theories
As discussed previously, f(R) gravity theories belong to the general class of HOG
theories that admit higher-order derivatives of the metric in the field equations.
More specificaly, due to Lovelock’s theorem [31, 32] f(R) theories contain up to
fourth-order derivatives of the metric in their field equations. One of the arguably
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most important reasons which acted as a strong motive for the f(R) generalizations
of the Einstein-Hilbert action, is the fact, that while GR is not renormalizable and
as a consequence cannot be part of a quantum gravity field theory since it cannot
by quantized in a conventional way, in 1962 it was shown by Utiyama and DeWitt
[45] that by adding higher-order curvature invariants in the Einstein-Hilbert action,
the theory could admit renormalization properties at one loop. A result which was
confirmed in 1977 by the results of Stelle [46].
In addition to that, the key role that quadratic corrections to the GR La-
grangian might play near spacetime singularities has been stressed both by the
Starobinski’s work [47] concerning the inflationary scenario for an R+aR2 cosmo-
logical model, as well as by the work Branderberger, Mukhanov and Sornborger
[48–51] concerning non-singular universes.
1.1.3 Action and field equations of f(R) gravity theories in
metric formalism
In order to write the field equations in the general case of f(R) theories one has to
consider an action of the form
S = 1
16piG
∫
f(R)dµg (1.10)
which by adding a matter term becomes
S = 1
16piG
∫
f(R)dµg + SM (gµν , ψ) (1.11)
where ψ denotes the matter fields. Variation with respect to the metric gµν up to
the surface terms leads to [52]
f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµνf ′(R) = 8piGTµν (1.12)
where
Tµν =
−2√−g
δSM
δgµν
. (1.13)
A prime denotes differentiation with respect to the scalar curvature R,  ≡ ∇µ∇µ
and ∇µ is the covariant derivative associated with the Levi-Civita connection.
In the derivation of the field equations (1.12) there is a number of surface area
terms that occur in the same way as in the respective case of GR. Nevertheless,
in GR these terms can be grouped into a total divergence which in turn can be
Chapter 1. Introduction 7
‘eliminated’ by the addition of the Gibbons-Hawking-York surface term [53, 54].
On the contrary in the general case of an f(R) Lagrangian the surface terms cannot
be obtained from a total divergence because of the f ′(R) term present in them [40,
55]. In order to avoid this, it is assumed that the higher-order derivatives included
in the action, permit the fixing of more degrees of freedom on the boundary than
those of the metric. Following this hypothesis we accept that the boundary terms
vanish and thus, Eqs. (1.12) are obtained. We note also that the same reasons
that apply to the field equations of GR for the general covariance, also apply for
Eq. (1.12).
Subsequently, there is another important issue concerning the derivation of
the field equations (1.12) that has to be addressed. It is well known [3, 5] that
the field equations of GR can be obtained by applying two different variational
principles to the Einstein-Hilbert action. The first of the them is the metric
variation where it is accepted that the connection is the Levi-Civita one and the
variation takes place with respect to the metric. This was also the way that Eqs.
(1.12) where obtained by the action (1.11). The second way is the one termed the
Palatini variation which is performed under the hypothesis that the metric and
the connection are independent and as such, the variation of the action should be
performed with respect to both variables. While the application of the Palatini
variation in the case of GR leads to the demand that the connection is the Levi-
Civita one and hence both variational principles lead to the Einstein equations, this
is not the case in the f(R) theories of gravity, where the two different variational
principle lead to two completely different field equations. Although the variational
principle which will be used through out this thesis is the standard metric one, we
give here the forms of the field equations in the Palatini version [55],
f ′(R)R(µν) − 1
2
f(R)gµν = 8piGTµν ,
∇¯λ
[√−gf ′(R)gµν] = 0 (1.14)
where (µν) shows symmetrization over the indices µ and ν, ∇¯µ denotes the co-
variant derivative defined by the independent connection Γλµν and R is the scalar
curvature constructed with that same connection. In addition to that there is even
a third variational method, the metric-affine variation, that occurs in the case of
the Palatini variation with the additional assumption that the matter action is
also depended on the connection [55, 56]. For an overview of the f(R) gravity
theories see [55, 57–60].
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1.2 Asymptotic stability
Cosmology in HOG theories has advanced into a field of special importance for
a number of interesting questions concerning the structure of the early universe.
More specifically, an already formed subfield of HOG theories involves the stabil-
ity of cosmological solutions in generalized gravity theories. This area combines
the search for fundamental physical phenomena that might have taken place dur-
ing the earliest moments of the universe with intriguing mathematical problems.
There exist two main facets of the cosmological stability problem. The first is the
perturbation theory aspect which plays an important role in studies of structure
formation. The second is the asymptotic stability aspect which is used mainly for
issues involving geometric and nonlinear dynamics. The latter problem naturally
comes to surface when we investigate whether or not there is a possibly more
general significance in a given exact solution of the field equations, whether there
are any common properties in a certain set of solutions, or whether we need to
understand what will be the fate, if we wait long enough, of a particular universe
in this context.
The asymptotic stability of homogeneous and isotropic solutions of cosmo-
logical models in HOG theories is a problem that has two major aspects itself. On
one hand, there is the question about the late-time stability -that is, deciding the
behavior of these universes in the distant future. On the other hand, there is the
early-time stability which is about examining the evolution towards the past, at
early times, in the neighborhood of a possible initial singularity. The seminal work
of Barrow and Ottewill [61] examined the issue of existence and stability of various
cosmological solutions emphasizing on the de Sitter and FRW ones and renewed
interest in late-time evolution cosmological problems in higher order gravity (for
related general late-time stability results for FRW universes in the same context
see also [62]).
The cosmic no-hair conjecture is one such interesting late-time stability prob-
lem that has received a lot of attention. The original cosmic no-hair theorems in
HOG theories, have been evolved in [63–65], while one can see [66–68] for limita-
tions of this property. For generalizations in higher-order gravity of the respective
situation that emerges in general relativistic cosmology, cf. [69? –74].
Another important late-time stability issue is the recollapse problem. In [75,
76] various recollapse theorems in generalized cosmological theory are examined,
while [77–79] include more elaborate and complete approaches and results on this
subject. It is a probably true that cosmic no-hair and recollapse of closed models
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are not unrelated. A “premature” recollapse problem in closed universes that
inflate has been formulated and studied in [80] in an interesting approach of those
two issues.
The problem of the early-time evolution for homogeneous and isotropic uni-
verses in HOG theories is concerned with clarifying the different possible behaviors
that could exist on approach to the initial singularity. In the first papers on this
issue, cf. [81, 82] there was already present a duality between bouncing and singu-
lar early time solutions. While in [83] these first solutions were shown to have the
impressive characteristic of being horizon-breaking, it was later shown that they
could be unstable [84]. These first results were the ones that also led to the better
understanding of the fact that the problem of the possible early time asymptotes
of the admissible cosmological solutions of the higher order gravity equations was
more involved [85, 86]. In fact, it became quite clear that even from the simplest
‘radiation fluid’ solution t1/2, a completely different set of properties than the cor-
responding situation in GR could be obtained, since it is a solution in both the
radiation filled case and in vacuum in these theories.
Conditions concerning instability as well as general properties of the early-
time stability of the flat and the curved, radiation-filled, isotropic solutions were
studied in [87]. In that paper, there are various possible stability results that one
could derive from the general conditions and equations by the appropriate selection
of various constants in order of specific forms to be taken, although the interest
of the study was in finding certain instability properties of these systems as they
advance towards the initial singularity. We recall that, with respect to any kind of
perturbation, the corresponding radiation solutions in GR are unstable and also
non generic, cf. [8].
In the interesting as well as important works [88, 89], stable solutions in
vacuum were found in the neighborhood of the initial singularity in the case of a
flat isotropic cosmology with a term of the form Ric2n, n ∈ Q, added in the basic
quadratic Lagrangian R+αR2. In these two papers, a linear perturbation analysis
of the t1/2 solution in vacuum, flat FRW universes is used as a method to show
that the various perturbations vanish asymptotically at early times.
It has been shown that this vacuum solution is stable under anisotropic,
spatially homogeneous perturbations, cf. [90, 91]. Therefore, the precise extent
that a generic perturbation of the flat, vacuum, t1/2 solution occupies in the whole
space of solutions of the higher order gravity equations is an interesting open
question.
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As a consequence, we can distinguish two separate asymptotic problems con-
cerning the early-time stability of the flat FRW t1/2 solution in HOG. One one
hand, we need to examine its stability as a solution of the vacuum field equations,
and, on the other hand, that as solution of the HOG field equations filled with a
radiation fluid. Both problems need to be in all different levels of stability. We
know [92] that, in four spacetime dimensions, the flat, radiation solution is asymp-
totically stable at early times in the space of all flat solutions of the theory. What
remains to be examined is the precise behavior of this solution consecutively with
respect to curved FRW perturbations, anisotropic perturbations and generic in-
homogeneous perturbations. As far as it regards the vacuum early-time problem,
as noted above, there are clear indications that the flat, vacuum solution is stable
with respect to various FRW and anisotropic perturbations, the strongest known
results being its stability with respect to anisotropic perturbations [91], and with
respect to perturbations in the R+βR2 action by adding a term of the form Ric2n,
cf. [88, 89].
In GR, one cannot trivially obtain vacuum states for simple isotropic uni-
verses. We have to go beyond them to anisotropic, or more general inhomogeneous
cosmologies for a vacuum to start making sense [10]. Nevertheless, in effective the-
ories with higher derivatives, isotropic vacua are very common, see e.g., [47, 89].
Such classical vacua are usually thought of as acquiring a physical significance
when viewed as possible low-energy manifestations of a more fundamental super-
string theory, although their treatment shows an intrinsic interest quite indepen-
dently of the various quantum considerations.
In the first part of this thesis, we consider the possible asymptotic limits to-
wards singularities of vacuum universes coming from effective theories with higher
derivatives. Such a study is related to the existence and stability of an inflationary
stage at early times in these contexts, and also to the intriguing possibilities of
solutions with no particle horizons. For flat vacua, we find the general asymptotic
solution with an early-time singularity. This result is then extended to cover gen-
eral curved vacuum isotropic solutions and we give the precise form of the attractor
of all such universes with a past singularity. We also obtain special asymptotic
states valid specifically for open or closed vacua starting from lower-dimensional
initial data. These results have a potential importance for the ekpyrotic and cyclic
scenarios as they strongly point to the dynamical stability of the reversal phase
under higher derivative corrections in these universes.
Subsequently, we treat the problem of the early-time behavior of the flat
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radiation t1/2 solution of higher order gravity with respect to curved FRW per-
turbations. That is, considered as a solution of the curved FRW equations for
the R + βR2 action, what is the behavior as we approach the initial singularity,
i.e., as t → 0 of all solutions which are initially (that is, for some t∗ > 0) near
this radiation solution? For this purpose, as we will see in the next section, we
approach the problem via the use of the method of asymptotic splittings devel-
oped in [93, 94], and trace all possible asymptotic behaviors that solutions to the
higher-order curved FRW equations may develop at early times. Following this
geometric approach, we are able to show that the exact radiation solution is sta-
ble asymptotically at early times, meaning that the initial state of these universes
proves to be a very simple one indeed. Given that this theory is known to admit
an inflationary stage [47], this also means that any pre-inflationary period in such
universes is necessarily isotropic and flat.
1.3 Asymptotic solutions
In this thesis we are particularly interested in the behavior of quadratic, vacuum
or radiation-filled universes in the neighborhood of the initial singularity, taken at
t = 0. The position of the initial singularity is really arbitrary. We could have
placed it at any t0 and used the variable τ = t − t0 instead of t. We will fully
describe any such initial state by giving the possible modes of approach of the
various solutions to it. These modes are, subsequently, identified by the behavior
of the corresponding vector field near the initial singularity. In order to find this
behavior, we shall use the method of asymptotic splittings, cf. [93, 94]. According
to this method, the associated vector fields are asymptotically decomposed in such
a way as to reveal their most important dominant features on approach to the
singularity. This leads to a detailed construction of all possible local asymptotic
solutions valid near the finite-time singularity. These, in turn, provide a most
accurate picture of all possible dominant features that the fields possess as they
are driven to a blow up (for previous applications of this asymptotic technique to
cosmological singularities, apart from [92], we refer to [95–98]).
It is expected that the vector fields describing the evolution of this class of
universes will show some dominant features as on approach to the finite-time sin-
gularity at t = 0, and these will correspond to the different, inequivalent ways that
it splits in the neighborhood of the blow up. We need two definitions to describe
the situation precisely. Firstly, we say that a solution b(t) of the dynamical system
Chapter 1. Introduction 12
describing the evolution of cosmological model is asymptotic to another solution
a(t) provided that the following two conditions hold (the first is subdivided):
(i) Either (1) a(t) is an exact solution of the system, or (2) a(t) is a solution of
the system (substitution gives 0 = 0) as t→∞,
(ii) b(t) = a(t)[1 + g(t)], g(t)→ 0, as t→∞.
If either of these two conditions is not satisfied, then b(t) cannot be asymptotic
to a(t). Additionaly, a solution of the dynamical system is called dominant near
the singularity if, for constants a = (θ, η, ρ) ∈ C3, and p = (p, q, r) ∈ Q3, it is
asymptotic to the form
x(t) = atp = (θtp, ηtq, ρtr). (1.15)
For any given dominant solution of a dynamical system describing our universe
near the singularity, we call the pair (a,p) a dominant balance of the associated
vector field.
Near their blow up singularities, vector fields are characterized by dominant
balances and the corresponding asymptotic integral curves. By a solution with a
finite-time singularity we mean one where there is a time at which at least one
of its components diverges. It must be noted that the usual dynamical systems
analysis through linearization is not relevant here, for in that one does not deal
with singularities but with equilibria. Each vector field f itself is decomposed
asymptotically into a dominant part and another, subdominant part:
f = f (0) + f (sub), (1.16)
and such a candidate asymptotic splitting (or decomposition) needs to be checked
for consistency in various different ways before it is to be admitted as such. By
direct substitution of the dominant balance forms in our system, we look for the
possible scale invariant solutions of the system. A vector field f is called scale
invariant if f(aτp) = τp−1f(a), for a more detailed treatment, cf. [93].
1.4 Structure of this Thesis
The structure of this Thesis is as follows.
In the first chapter we introduce the reader to the broader field of generalized
gravitational theories and describe more specifically the f(R) theories of gravity
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and more general theories that include various combinations of the Ricci and the
Riemann curvatures. We write the field equations in the general case and we close
with a discussion for the asymptotic stability of the solutions of these theories.
Additionally, we analyze some specific concepts that will help in understanding
the specific conclusions of this thesis.
In the second chapter we present the general field equations of vacuum f(R)
gravity theories focusing in the case of homogeneous and isotropic cosmological
models. We consider the equivalent autonomous dynamical system and the corre-
sponding vector field and give an outline of the mathematical method we will use
for the asymptotic analysis of the behavior of these cosmological models in the
neighborhood of the initial singularity.
The third chapter contains our analysis of the asymptotic behavior of the
solutions of the theory as we approach the singularity. In particular we analyze all
possible cases in which the vector field or the equivalent autonomous dynamical
system may decompose asymptotically. We present qualitative as well as analytical
arguments in order to decide which cases show a dominant asymptotic behavior of
the dynamical system and lead to the construction of asymptotic solutions of the
field equations. Then we proceed to the construction of these asymptotic solutions
in the form of Fuchsian series for the case of vacuum flat universes.
In the fourth chapter we proceed to the study of the case of vacuum curved
cosmological models for homogeneous and isotropic universes. Following again
the method of asymptotic splittings we construct asymptotic solutions of these
cosmologies in the neighborhood of the initial singularity after having analyzed
extensively all the possible ways of approaching the singularity. Additionally we
make specific comments on the stability of these solutions in the context of the
gradual modification of the specific characteristic of curvature.
In the fifth chapter the quadratic, curved, radiation-filled isotropic and homo-
geneous cosmologies are studied. We investigate thoroughly the asymptotic form
of specific solutions in the neighborhood of the singularity emphasizing in the way
that the characteristics of curvature and radiation interfere with the asymptotic
behavior of these cosmologies. We compare these new results with those of the
previous chapters. In any case we draw conclusions about the stability of the
solutions found based on their final form as Fuchsian series.
In the final chapter we summarize the conclusions of this work and we further
make various general remarks on the asymptotic behavior of the cosmologies we
studied in previous chapters. Our approach allows us to examine how this behavior
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changes with the gradual addition of certain features, such as the curvature and
the radiation. We also correlate our results with other gravitational theories and
examine cosmological models related to those we have seen here. We conclude this
work with a discussion about possible open problems emerging from our current
results and overall approach.
Chapter 2
The basic vacuum vector fields
In this chapter we derive the basic dynamical systems and the equivalent vector
fields which describe the dynamical evolution of any vacuum FRW universe in
higher order gravity.
2.1 Field equations
This section is devoted to the derivation of the field equations coming from the
most general quadratic action in four dimensions. As a first step, we start by giving
some basic properties of the general form of Lagrangian density which includes all
possible curvature invariants as quadratic corrections to terms linear in the scalar
curvature R,
S =
∫
M
L(R)dµg, (2.1)
where
L(R) = L(0) + aR + bR2 + cRµνRµν + dRµνκλRµνκλ, (2.2)
where L(0), a, b, c, d are constants and L(0) plays the role of the cosmological
constant. By a (Riemannian) curvature invariant we mean a smooth function of the
metric gµν and its derivatives which is a local invariant under smooth coordinate
transformations (diffeomorphisms)1. The fact that the Lagrangian (2.2) contains,
in addition to the last three quadratic curvature invariant terms, the two terms
L(0) and aR, implies the basic fact that this theory cannot be scale invariant. The
reason behind this is the fact that because of the presence of the first two terms
(2.2) cannot be a homogeneous polynomial in the derivatives of the metric.
1In distinction, a smooth function of the metric which is invariant under conformal transfor-
mations of the metric is called a local conformal invariant.
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Another property of the gravity theory defined by (2.2) is that not all
quadratic curvature invariants appearing in it are algebraically independent [99,
100].
To see this, we can use the following simple variational argument. We con-
sider, as usual, a family of metrics {gs : s ∈ R}, and denote its compact variation
by g˙µν = (∂g/∂s)s=0 (cf. e.g., [9] page 65). Since in four dimensions we have the
Gauss-Bonnet identity,
S˙GB =
∫
M
(R2GBdµg)
· = 0, R2GB = R
2 − 4Ric2 + Riem2, (2.3)
it follows that in the derivation of the field equations through a g-variation of the
action (2.2), only terms up to Ric2 will matter. In particular, because of Eq. (2.3)
there is no necessity to include the Riem2 term.
Hence, we may replace (2.2) by the following gravitational action in four
dimensions in which the curvature invariants are algebraically independent (we
set 8piG = c = 1, and the sign conventions are those of [3]),
S =
∫
M
L(R)dµg, L(R) = L(0) + αR + βR2 + γRµνRµν , (2.4)
where α = a, β = b− 1 and γ = c+ 4d. Each one of the terms in the action (2.4)
leads to the following variations2:
δ
∫
L(0)dµg =
∫
L(0)gµνδgµνdµg, (2.5)
δ
∫
αRdµg = α
∫ (
Rµν − 1
2
gµνδg
µν
)
dµg + α
∫
∂M
gµκδRµκdSµ, (2.6)
2We use δ to mean a compact variation of the fields, ‘·’, as above.
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δ
∫
βR2dµg = β
∫
[−2RRµν + 1
2
R2gµν
+ 2
(
gµκgνλ − gµνgκλ)∇κ∇λR]δgµνδgµνdµg
+ β
∫
∂M
2[R∇νδgµν −∇νRδgµν
− R∇µ (gνρδgνρ) +∇µRgνρδgνρ]dSµ, (2.7)
δ
∫
γRµνRµνdµg = γ
∫
(−2RµλRνλδgµν +
1
2
gµνRκλRκλ
− ∇κ∇κRµν − gκλ∇λ∇κRκλ + 2∇κ∇νRκµ)δgµνdµg
+ γ
∫
∂M
(Rκλgαβ∇κδgλβ +Rκλgαβ∇λδgκβ −Rκλ∇αδgκλ
+ ∇αRκλδgκλ + gµν∇κRκαδgµν −Rαλgµν∇λδgµν
− 2∇βRαλδgλβ)dSµ, (2.8)
The boundary integrals in Eqs. (2.6), (2.7) and (2.8) can be set equal to∫
∂M
ΦµdSµ,
∫
∂M
XµdSµ,
∫
∂M
ΨµdSµ respectively with the vector fields Φ
µ, Xµ and
Ψµ given by
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Φµ = gµκδRµκ, (2.9)
Xµ = 2[R∇νδgµν −∇νRδgµν
− R∇µ (gνρδgνρ) +∇µRgνρδgνρ], (2.10)
Ψµ = Rκλgαβ∇κδgλβ +Rκλgαβ∇λδgκβ −Rκλ∇αδgκλ
+ ∇αRκλδgκλ + gµν∇κRκαδgµν −Rαλgµν∇λδgµν
− 2∇βRαλδgλβ. (2.11)
These integrals are zero since the compact variation g˙µν = (∂g/∂s)s=0 vanishes at
the boundary ∂M. So, we have∫
∂M
(αΦµ + βXµ + γΨµ)dSµ = 0 (2.12)
Accordingly, the field equations that stem from the variation of the gravitational
action (2.4) read as follows:
1
2
L(0)gµν − α(Rµν − 1
2
gµνR)
+ β[−2RRµν + 1
2
R2gµν + 2(gµκgνλ − gµνgκλ)∇κ∇λR]
+ γ(−2RµλRνλ +
1
2
gµνRκλRκλ −∇κ∇κRµν
− gκλ∇λ∇κRκλ + 2∇κ∇νRκµ) = 0 (2.13)
Chapter 2. The basic vacuum vector fields 19
By taking α = 1 (since 8piG = c = 1) and L(0) = 0, in order to focus in the case
where the cosmological constant vanishes, we get:
Rµν − 1
2
gµνR− β[−2RRµν + 1
2
R2gµν + 2(gµκgνλ − gµνgκλ)∇κ∇λR]
− γ(−2RµλRνλ +
1
2
gµνRκλRκλ −∇κ∇κRµν
− gκλ∇λ∇κRκλ + 2∇κ∇νRκµ) = 0 (2.14)
2.2 The vacuum vector fields
We consider a vacuum, FRW universe with scale factor a(t) determined by the
Friedmann-Robertson-Walker metric of the form
g4 = −dt2 + a2 g3. (2.15)
Each slice is given the 3-metric
g3 =
1
1− kr2dr
2 + r2g2, (2.16)
k being the (constant) curvature normalized to take the three values 0,+1 or −1
for the complete, simply connected, flat, closed or open space sections respectively,
and the 2-dimensional sections are such that
g2 = dθ
2 + sin2 θdφ2. (2.17)
Below we focus on the case where M is a homogeneous and isotropic universe
with the FRW metric (2.15). In this case, it is well known [61] that the following
identity holds: ∫
M
((R2 − 3Ric2)dµg)· = 0. (2.18)
This further enables us to combine the contributions of the Ric2 and the R2 terms
into (2.13), altering only the arbitrary constants. Consequently, the field equations
(2.13) will become:
1
2
L(0)gµν − α(Rµν − 1
2
gµνR) + (β +
1
3
γ)[−2RRµν + 1
2
R2gµν +
+ 2(gµκgνλ − gµνgκλ)∇κ∇λR] = 0 (2.19)
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Finally, the field equations derived from the variation of the gravitational action
(2.4) have the following form:
Rµν − 1
2
gµνR +
ξ
6
[
2RRµν − 1
2
R2gµν − 2(gµρgνσ − gµνgρσ)∇ρ∇σR
]
= 0, (2.20)
where we have set
ξ = 2(3β + γ). (2.21)
We note that (2.20) is identical to the field equations that result from the variation
of the purely quadratic action
S =
∫
M
L(R)dµg, (2.22)
where
L(R) = R + ζR2, (2.23)
with ζ arbitrary. However, this is not quite so true because the parameter ξ in
(2.21) depends not only on the coefficient b = β + 1 multiplying R2 in (2.2) but
also, through γ = c+4d, on the coefficients c and d of Ricci2 and Riem2. Therefore
we conclude that because of the form of the coefficient ξ, some ‘memory’ of the
original fully quadratic theory (2.2) remains, and the final effective action leading
to the field equations (2.20) is not equivalent to a ‘standard’ R+ ζR2 action with
ζ arbitrary, but here ζ is a function depending on β and γ, given by (2.21). A
use of the former action, in the present context, would imply taking into account
only the algebraic dependence of the action on the quadratic curvature invariants
with ζ being a free parameter of the theory instead of a function of β = b− 1 and
γ = c+ 4d as it actually is.
We now proceed to the derivation of the field equations for the class of
universes in question. Eq. (2.20) naturally splits into 00- and ij-components
(i, j = 1, 2, 3). Using the metric (2.15), the field equation (2.20) takes the following
form (from now on an overdot denotes differentiation with respect to the proper
time, t) for the 00- and ij-components respectively,
k + a˙2
a2
+ ξ
[
2
...
a a˙
a2
+ 2
a¨a˙2
a3
− a¨
2
a2
− 3 a˙
4
a4
− 2k a˙
2
a4
+
k2
a4
]
= 0, (2.24)
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−2 a¨
a
− a˙
2
a2
− k
a2
+ ξ[2
a(4)
a
+ 12
a˙2a¨
a3
− 4 a˙
...
a
a2
− 3 a¨
2
a2
− 3 a˙
4
a4
+
+
k2
a4
+ 4k
a¨
a3
− 2k a˙
2
a4
] = 0. (2.25)
Due to symmetry reasons, it is sufficient to use the 00-component, (2.24), as
the only field equation [61, 82].
In what follows, we are interested in tracing all possible vacuum asymptotics,
especially those solutions for which curvature and vacuum enter in the dominant
part of the vector field asymptotically. In order to do that, we will introduce
new variables and write Eq.(2.26) below as an autonomous dynamical using the
method of asymptotic splittings presented in [93].
We expect that in terms of suitable variables, the eventual dynamical system
which will emerge during this process of reduction will show novel asymptotes
for the vacuum problem that are not obtainable from the radiation problem (cf.
Chapter 4) when letting the radiation terms tend to zero. These new asymptotes
will only be possible in decompositions allowing the curvature as well as other
terms characterizing the vacuum state be present in the dominant part of the field
asymptotically, something impossible in the radiation problem.
We also expect to find other decompositions in the new variables which will
indeed lead to vacuum solutions obtained from radiation ones by letting suitable
radiation terms tend to zero and these solutions will exactly correspond to, and
stem from, decompositions having the curvature and vacuum terms only in the
subdominant part asymptotically.
For the differential equation (2.24) we can obtain these new variables as
follows. First, we rewrite (2.24) using the Hubble expansion rate H = a˙/a, in the
form
H¨ =
1
2
H˙2
H
− 3HH˙ + k
a2
H − 1
2
k2
a4
1
H
− 1
12
H − k
12a2
1
H
(2.26)
where now we have put  = ξ/6. We then introduce new variables for the present
problem by setting
x = H, y = H˙, z = a−2. (2.27)
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Then Eq. (2.26) can be written as an autonomous dynamical system in the form
x˙ = y
y˙ =
y2
2x
− 3xy + kxz − k
2z2
2x
− x
12
− kz
12x
(2.28)
z˙ = −2xz.
This can be expressed equivalently as a vacuum, 3-dimensional vector field fVAC :
R3 → R3 with
x˙ = fVAC(x), x = (x, y, z), (2.29)
and
fVAC(x, y, z) =
(
y,
y2
2x
− 3xy + kxz − k
2z2
2x
− x
12
− kz
12x
,−2xz
)
. (2.30)
This vector field completely describes the dynamical evolution of a vacuum, flat
or curved, FRW universe in the gravity theory defined by the full quadratic action
(2.2). We shall assume that x 6= 0, that is a˙/a 6= 0, that is we consider only
non-static universes in sharp contrast to the situation in GR (cf. [7]).
2.3 The solution space of higher-order gravity
There are various instances that indicate that the solution spaces of GR and HOG
theories derived from the action (2.1) are not identical. In particular, the solution
space of HOG includes that of GR. In the present case, for example, we can see
that by setting ρ = p = 0 in the standard FRW cosmological equations [7] which
govern an FRW universe with a perfect fluid in GR,
ρ
3
= H2 +
k
a2
(2.31)
and
ρ˙ = −3H(ρ+ p) (2.32)
where p is the pressure and ρ is the mass-energy density of the fluid, one cannot
obtain expanding solutions for all k, that is solutions with x = a˙/a > 0. On the
contrary, in equation (2.26) there is room for assuming the existence of non-static,
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vacuum solutions whereas this is impossible in GR. So the ability to obtain non-
static solutions leads to the fact that the space of cosmological solutions of HOG
is larger than the space of such solutions in the framework of GR.
Not only do the Einstein equations have solutions which are included in the
solution space of HOG, but there are such solutions that do not belong to the set
of solutions of GR, making clear that the later is a subset of the former space. By
looking at the action (2.22)-(2.23) and taking ζ tending to zero, solutions of GR
will be obtained as limiting cases.
There is another way that we may view the solution space of the two theories,
GR and HOG. This is to regard HOG as a way of perturbing the solutions of GR
not ‘inside’ GR but ‘outside’ it, in the framework of HOG. The solutions of the
action (2.22)-(2.23) can be considered as ζ-perturbations of the Einstein equations
in the sense that the term ζR2 resembles the second term of a certain kind of a
Taylor expansion around zero. HOG Lagrangians viewed in such a way can be
considered as perturbations of the GR Lagrangian around zero. This is due to
the fact that being sufficiently close to zero scalar curvature, the linear term in
an expansion may be considered as a sufficiently reliable approximation but as we
approach higher values of the curvature we need to consider more terms in the
action to achieve the necessary precision.
As we will see in Chapter 5, the radiation solutions of GR can be obtained
from HOG as limiting cases asymptotically towards the singularity thus confirming
that such solutions maybe stable not with respect to perturbations inside GR but
outside it in the sense discussed about.
2.4 Conclusion
In this chapter we started with the most general action of a quadratic gravity
theory of the form (2.2) and reduced it to the new action (2.4) stating explicitly
its dependence on the various quadratic curvature invariants. We underlined the
dependence of the parameter ζ appearing in the reduced action R + ζR2 on the
coefficients of the curvature invariants in the original quadratic Lagrangian. This
is in contrast to ζ being an arbitrary parameter appearing the theory. This is
important for, as we will see later, the coefficients tending to various limits will
indicate the relative importance of the associated quadratic invariants (a of R2, b
of Ric2 and d of Riem2).
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Following that, we derived the basic field equations for the general quadratic
action, Eq. (2.4). In the second Section of this chapter, we specialized our cal-
culations to a vacuum FRW universe, and wrote down the basic field equations
corresponding to these solutions.
Finally, we introduced new variables in the field equations and derived the
autonomous dynamical system (2.28). This will provide a useful basis for further
study in later chapters of (the possible asymptotic regimes) a systematic asymp-
totic approach of such universes to the initial singularity.
In the following chapter, we will consider the case where the curvature terms
as well as terms describing vacuum terms enter the asymptotic decompositions
subdominantly.
Chapter 3
Asymptotic analysis of flat vacua
In this chapter we treat the flat cases of vacuum FRW universes in HOG. We use
asymptotic arguments to describe the behavior of the associated vector field and
its integral curves as we approach the spacetime singularity. These integral curves
- solutions of the relevant dynamical system - are obtained by asymptotically
decomposing the vector field in such a way as to reveal all possible dominant
characteristics emerging near the blow up singularity.
3.1 Asymptotic splittings of the flat-vacuum field
3.1.1 Flat vector field and the associated dynamical sys-
tem
In order to describe the asymptotics of the flat, quadratic, vacuum, FRW universe,
we set k = 0 in the general field equations (2.26) and obtain the simpler form,
H¨ =
1
2
H˙2
H
− 3HH˙ − 1
12
H, (3.1)
in terms of the expansion rate, H. Consequently, using the variables introduced in
(2.27), namely
x = H, y = H˙, (3.2)
and since the use of the variable z is not necessary currently, the autonomous
dynamical system (2.28) becomes
x˙ = y,
y˙ =
y2
2x
− 3xy − x
12
. (3.3)
25
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The equivalent expressions of Eqs. (2.29)-(2.30) are given by the following forms
which describe the flat, vacuum, 2-dimensional vector field f 0,VAC : R2 → R2.
x˙ = f 0,VAC(x), x = (x, z), (3.4)
f 0,VAC(x, y) =
(
y,
y2
2x
− 3xy − x
12
)
. (3.5)
We note here that in the notation f 0,VAC, the first index refers to the normalized
curvature k (zero in this case), while the second index, VAC , denotes the vacuum
state, in analogy to the curved, radiation-filled universes that we shall study in
later chapters, f k,RAD.
3.1.2 Definition of a finite-time singularity
Our main interest in the rest of this chapter is to study the behavior of the universe
according to Eqs.(3.3)-(3.5), assuming that the sought-for solutions admit a finite-
time, blow-up singularity appearing at some parameter value t∗ of the proper time
t. That is, we assume that there exists a t∗ ∈ R and an x0 ∈M, such that for all
M ∈ R there exists a δ > 0 with
‖x(t; x0)‖Lp > M, (3.6)
for all t satisfying |t− t∗| < δ. Here x : (0, b) → M is a solution x(t; c1, . . . , ck),
k ≤ 2 (ck being the arbitrary integration constants), x0 = x(t0) is a set of initial
conditions for some t0 ∈ (0, b), and ‖ · ‖ is any Lp-norm defined on the differentiable
manifoldM. Without any loss of generality, we set t∗ = 0, stressing the fact that
this specific value is really arbitrary since we could have placed it at any finite t∗
and used the variable τ = t− t∗ instead of t.
Alternatively, the above precise definition of a finite-time singularity in the
solutions of our dynamical system can be translated, using the vector field (3.5),
to a condition about the existence of an integral curve passing through the point
x0 of M, such that at least one of its Lp-norms diverges at t = t∗, that is
lim
t→t∗
‖x(t; x0)‖Lp =∞. (3.7)
Additionally, we note that we can assign the meaning ‘now’ to t0 since it is an
arbitrary point in the domain (0, b). In the following, a finite-time singularity can
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be characterized for that matter to be a past singularity when t∗ < t0, or a future
singularity when t∗ > t0.
3.1.3 Possible behavior of the vector field in the neighbor-
hood of the singularity
In order to describe the behavior of the vector field in the neighborhood of the ini-
tial singularity, we will follow the approach of the method of asymptotic splittings
of Refs.[93, 94, 101]. The basic notion is the fact that there are two different be-
haviors a vector field can adopt sufficiently close to the singularity. The first is to
show some dominant feature meaning that the most nonlinear terms of the vector
field approaching the singularity will determine a distinctly dominant behavior of
the solutions. The second possible behavior is for the solutions of the vector field
to ‘spiral’ around the singularity forever in a way that condition (3.6) is satisfied
and the dynamics of the system are controlled by the subdominant terms.
3.1.4 Definition of weight-homogeneous decompositions
As a first step in the study of possible dominant behavior of solutions of the vector
field (3.5) in the neighborhood of the initial singularity, we need to find suitable
asymptotic decompositions of the vector field. That is to know all possible ways
it can be split in dominant and subdominant components.
We say that a nonlinear vector field f onMn admits a weight-homogeneous
decomposition with respect to a given vector p, if it splits as a combination of the
form [93],
f = f(0) + f(1) + · · ·+ f(k), (3.8)
where the components f(j), j = 0, · · · , k, are weight-homogeneous vector fields.
That is
f(j)(aτp) = τp+1(q
(j)−1)f(j)(a), j = 0, · · · , k, (3.9)
for some non-negative numbers q(j) and all a in some domain E of Rn. This last
condition (3.9) can be written for each individual component in the form,
f
(j)
i (aτ
p) = τ pi+q
(j)−1f (j)i (a), i = 0, · · · , n, j = 0, · · · , k. (3.10)
From the previous definition, Eq. (3.8), it follows that a weight-homogeneous
decomposition splits the field f into k + 1 weight-homogeneous components each
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with degree p + 1(q(j)− 1), j = 0, · · · , k,. The first of these vector fields, namely
f (0), is the lowest order component and is scale invariant, since the non-negative
numbers q(j), also called subdominant exponents can be ordered so that,
0 = q(0) < q(j1) < q(j2), when j1 < j2. (3.11)
3.1.5 Vector field decompositions
Accordingly, we find that the vector field (3.5) possesses the following 23 − 1 = 7
possible asymptotic decompositions of the form (3.8), or more specifically,
f 0,VAC = f
(0)
0,VAC + f
(sub)
0,VAC, (3.12)
where f
(0)
0,VAC is the dominant part, and f
(sub)
0,VAC ≡
∑k
j=1 f
(j) the subdominant part in
each asymptotic decomposition valid in the neighborhood of the initial singularity.
We have:
f1 0,VAC = f
1(0)
0,VAC + f
1 (sub)
0,VAC,
f1
(0)
0,VAC(x) =
(
y,
y2
2x
,−2xz
)
, f1
(sub)
0,VAC(x) =
(
0,− x
12
− 3xy, 0
)
, (3.13)
f2 0,VAC = f
2(0)
0,VAC + f
2 (sub)
0,VAC,
f2
(0)
0,VAC(x) = (y,−3xy,−2xz) , f2 (sub)0,VAC(x) =
(
0,
y2
2x
− x
12
, 0
)
, (3.14)
f3 0,VAC = f
3(0)
0,VAC + f
3 (sub)
0,VAC,
f3
(0)
0,VAC(x) =
(
y,− x
12
,−2xz
)
, f3
(sub)
0,VAC(x) =
(
0,
y2
2x
− 3xy, 0
)
, (3.15)
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f4 0,VAC = f
4(0)
0,VAC + f
4 (sub)
0,VAC,
f4
(0)
0,VAC(x) =
(
y,
y2
2x
− 3xy,−2xz
)
, f4
(sub)
0,VAC(x) =
(
0,− x
12
, 0
)
, (3.16)
f5 0,VAC = f
5(0)
0,VAC + f
5 (sub)
0,VAC,
f5
(0)
0,VAC(x) =
(
y,
y2
2x
− x
12
,−2xz
)
, f5
(sub)
0,VAC(x) = (0,−3xy, 0) , (3.17)
f6 0,VAC = f
6(0)
0,VAC + f
6 (sub)
0,VAC,
f6
(0)
0,VAC(x) =
(
y,−3xy − x
12
,−2xz
)
, f6
(sub)
0,VAC(x) =
(
0,
y2
2x
, 0
)
, (3.18)
f7 0,VAC = f
7(0)
0,VAC + f
7 (sub)
0,VAC,
f7
(0)
0,VAC(x) =
(
y,
y2
2x
− 3xy − x
12
,−2xz
)
, f7
(sub)
0,VAC(x) = (0, 0, 0) . (3.19)
We will eventually construct convergent, asymptotic series solutions that encode
information about the leading order behavior of all solutions, as well as their
generality (number of arbitrary constants) near the spacetime singularity at t = 0.
3.1.6 Dominant balances
For any given dominant asymptotic decomposition (3.13)-(3.19) of the system
(3.3), we call the pair (a,p) a dominant balance of the vector field f 0,VAC, where
a = (θ, η) ∈ C2 are constants and p = (p, q) ∈ Q2, and look for a leading-order
behavior of the form,
x(t) = atp = (θtp, ηtq). (3.20)
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Such behaviors geometrically correspond to the possible asymptotic forms of the
integral curves of the vacuum field f 0,VAC, as we take it to a neighborhood of the
singularity.
Substituting the forms (3.20) into the dominant system
x˙(t) = f
(0)
0,VAC(x(t)) (3.21)
and solving the resulting nonlinear algebraic system to determine the dominant
balance (a,p) as an exact, scale invariant solution, we find that only three of the
seven possible decompositions (3.13)-(3.19) lead to acceptable dominant balances.
Namely, asymptotic decompositions (3.13),(3.14) and (3.16) lead to the following
dominant balances B 0,VAC ∈ C2 × Q2, which need to be further tested in order
to be fully accepted for the construction of the asymptotic solutions of the initial
dynamical system.
B1.10,VAC = (a1.1,p1.1) = ((θ, 0) , (0,−1)) , (3.22)
B1.20,VAC = (a1.2,p1.2) = ((θ, 2θ) , (2, 1)) , (3.23)
B20,VAC = (a2,p2) =
((
2
3
,−2
3
)
, (−1,−2)
)
, (3.24)
B40,VAC = (a4,p4) =
((
1
2
,−1
2
)
, (−1,−2)
)
, (3.25)
where we note that we use the notation Bi.j0,VAC for the j-th dominant balance
corresponding to the f i 0,VAC asymptotic decomposition of the flat, vacuum vector
field f 0,VAC. In particular, this means that the vector fields f
1(0)
0,VAC, f
2(0)
0,VAC and
f4
(0)
0,VAC are scale-invariant systems, cf. [93, 94, 101].
3.1.7 Subdominant condition for each possible asymptotic
balance
Further, we need to show that the terms f1
(sub)
0,VAC(x), f
2 (sub)
0,VAC(x) and f
4 (sub)
0,VAC(x)
in the basic decompositions (3.13), (3.14) and (3.16) of the flat-vacuum field (3.5)
are themselves weight-homogeneous with respect to the corresponding flat-vacuum
balances (3.22)-(3.25) for this splittings to be finally acceptable. For this we
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need to check that these candidate subdominant parts are indeed subdominant by
calculating the expression,
lim
t→0
f
(sub)
0,VAC(at
p)
tp−1
. (3.26)
Using the balances B1.20,VAC,B1.10,VAC,B20,VAC and B40,VAC defined by Eqs. (3.22)-
(3.25), we find that,
f1
(sub)
0,VAC(a1t
p1)
tp1−1
= f1
(sub)
0,VAC(a1) t
2 =
(
0,− θ
12
)
t2, (3.27)
f1
(sub)
0,VAC(a2t
p2)
tp2−1
=
(
0,− θ
12
)
t2 + (0, θ) t3, (3.28)
f2
(sub)
0,VAC(at
p)
tp−1
=
(
0,
1
3
)
t0 +
(
0,
1
18
)
t2, (3.29)
f4
(sub)
0,VAC(at
p)
tp−1
= f4
(sub)
0,VAC(a) t
2 =
(
0,− 1
24
)
t2. (3.30)
Taking the limit of these expressions as t→ 0, we can see that all of them, except
(3.29), go to zero asymptotically. This, on one hand, means that asymptotic
decomposition (3.14) is not an acceptable decomposition of the vector field (3.5),
however, on the other hand that dominant balances (3.22), (3.23) and (3.25) are
indeed candidates for the construction of an asymptotic solution of (3.5) around
the initial singularity, provided that the forms f1
(sub)
0,VAC(a1) and f
4(sub)
0,VAC(a) are
different from zero.
This happens only when  6= 0, that is for all cases except when 3β + γ = 0.
We conclude that when this constraint holds true the basic decompositions (3.13)
and (3.16) are acceptable asymptotically in any higher order gravity theory. The
so-called conformally invariant Bach-Weyl gravity cf. [21] is a physical example
that is excluded from this analysis and consequently needs a separate treatment.
We note that the same constraint appears in the stability analysis of purely radi-
ation universes in these theories, cf. Chapter 5.
3.1.8 Section conclusion
We have completed in this Section the first part of our asymptotic analysis via the
method of asymptotic splittings, that is we found all possible asymptotic systems
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on approach to the initial singularity. This process amounts to dropping all terms
that are small, and replace exact by asymptotic relations (by this we mean using
(3.21) in conjunction with (3.12) and (3.26) instead of (3.3) and (3.5)).
This first part of the application of the method of asymptotic splittings
allows us to conclude that there are essentially two such systems, and we were
able to extract preliminary qualitative results about the behavior of our basic
vector field, without actually solving the systems. In the next Section, we shall
proceed to study solutions of our asymptotic systems through the processes of
balance, subdominance and consistency.
3.2 Dominant solutions
3.2.1 Construction of the K-matrices
We now proceed to test our asymptotic solutions in terms of their internal con-
sistency with respect to the general framework of our asymptotic analysis (cf.
[93, 94, 101] for more details and proofs). We will eventually construct series
representations of these asymptotic solutions valid locally around the initial sin-
gularity, so that it is dominated by the dominant balance solutions we have built
so far.
The degree of generality of these formal series solutions depends on the num-
ber of arbitrary constants in them. As explained in [93], the arbitrary constants of
any (particular or general) solution first appear in those terms in the asymptotic
series solution whose coefficients ci have indices i = %s, where % is a non-negative
K-exponent, and s denotes the least common multiple of the denominators of the
set of all subdominant exponents and those of all the K-exponents with positive
real parts. These exponents are complex numbers belonging to the spectrum of
the Kovalevskaya matrix given by
K = D f (0)0,VAC(a)− diag(p), (3.31)
for which the following expression also stands,
Kap = −ap, (3.32)
Hence, the K-matrix always has %1 = −1 as an eigenvalue with ap = f (0)0,VAC(a) in
this case, as the corresponding eigenvector. In this way the K-exponents depend
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on the dominant part of the vector field as well as the dominant balance.
In the present case, the Kovalevskaya matrices for each of the possible dom-
inant balances are,
K1.10,VAC =
(
0 1
0 1
)
, (3.33)
with spectrum,
spec(K1.10,VAC) = {1, 0}. (3.34)
K1.20,VAC =
(
−2 1
−2 1
)
, (3.35)
with spectrum
spec(K1.20,VAC) = {−1, 0}. (3.36)
K40,VAC =
(
1 1
1 −1/2
)
, (3.37)
with spectrum
spec(K40,VAC) = {−1, 3/2}. (3.38)
We conclude that K1.10,VAC does not correspond to valid asymptotic balance, since
it does not have −1 as an eigenvalue, while K1.20,VAC which does not have any
eigenvalues with positive real parts, leads to an acceptable balance but it is one
that may be valid at infinity.
3.2.2 Final asymptotic balance
Thus, it is only the asymptotic balance (3.25) that is fully consistent with overall
approximation scheme we are using and can lead to a series representation of the
asymptotic solutions valid locally around the initial singularity. The least common
multiple of the denominators of the set of all subdominant exponents and those
of all the K-exponents with positive real parts, s = 2 in this case.
As we discussed, the number of non-negative K-exponents equals the number
of arbitrary constants that appear in the series expansions. The −1 exponent
corresponds to the position of the singularity, and because the spec(K40,VAC) in our
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case possesses one non-negative eigenvalue, the balance B40,VAC indeed corresponds
to the dominant behavior of a general solution having the form of a formal series
and valid locally around the initial singularity.
3.2.3 Construction of the formal series
In order to find that solution, we substitute the Fuchsian series expansions 1 and
their derivatives
x(t) =
∞∑
i=0
c1i t
i
2
−1, y(t) =
∞∑
i=0
c2i t
i
2
−2, (3.39)
x˙(t) =
∞∑
i=0
c1i
(
i
2
− 1
)
t
i
2
−2, y˙(t) =
∞∑
i=0
c2i
(
i
2
− 2
)
t
i
2
−3, (3.40)
where because of the form of the balance, Eq. (3.25), we have c10 = 1/2 and
c20 = −1/2, in the following equivalent form of the original system (3.3), assuming
x 6= 0,
x˙ = y,
2xy˙ = y2 − 6x2y − 1
6
x2, (3.41)
from which we will be led to various recursion relations that determine the un-
knowns c1i, c2i term by term.
More specifically, from the first equation of (3.41), after substitution we have,
∞∑
i=0
c1i
(
i
2
− 1
)
t
i
2
−1 =
∞∑
i=0
c2it
i
2
−2, (3.42)
which leads to,
c1i
(
i
2
− 2
)
= c2i . (3.43)
From the second equation of (3.41), we calculate separately each term after sub-
stitution:
1A series expansion with no constant first term and rational exponents.
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2xy˙ = 2
( ∞∑
i=0
c1it
i
2
−1
)( ∞∑
i=0
c2i
(
i
2
− 2
)
t
i
2
−3
)
= 2t−4
∞∑
i=0
i∑
k=0
c2(i−k)
(
i− k
2
− 2
)
c1kt
i
2 , (3.44)
y2 =
( ∞∑
i=0
c2it
i
2
−2
)( ∞∑
i=0
c2it
i
2
−2
)
= t−4
∞∑
i=0
i∑
k=0
c2(i−k)c2kt
i
2 , (3.45)
−6x2y = −6
( ∞∑
i=0
c1it
i
2
−1
)( ∞∑
i=0
c1it
i
2
−1
)( ∞∑
i=0
c2it
i
2
−2
)
= −6t−4
∞∑
i=0
i∑
k=0
k∑
l=0
c1(i−k)c1(k−l)c2lt
i
2 , (3.46)
− 1
6
x2 = − 1
6
( ∞∑
i=0
c1it
i
2
−1
)( ∞∑
i=0
c1it
i
2
−1
)
= − 1
6
t−2
∞∑
i=0
i∑
k=0
c1(i−k)c1kt
i
2 . (3.47)
Consequently, we are led to the following form of the second equation of (3.41),
2t−4
∞∑
i=0
i∑
k=0
c2(i−k)
(
i− k
2
− 2
)
c1kt
i
2 = t−4
∞∑
i=0
i∑
k=0
c2(i−k)c2kt
i
2 −
−6t−4
∞∑
i=0
i∑
k=0
k∑
l=0
c1(i−k)c1(k−l)c2lt
i
2 − 1
6
t−2
∞∑
i=0
i∑
k=0
c1(i−k)c1kt
i
2 (3.48)
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3.2.4 Calculation of the final series coefficients
Eqs. (3.43) and (3.48) constitute the system from which we may solve for the
coefficients c1i and c2i in the expansions,
x(t) = θ tp + c11 t
−1/2 + c12 t0 + c13 t1/2 + c14 t1 + · · · ,
y(t) = η tq + c21 t
−3/2 + c22 t−1 + c23 t−1/2 + c24 t0 + · · · . (3.49)
Below, we will construct a set of equations from each of the Eqs. (3.43) and
(3.48) by comparing the coefficients of the various powers of t.
1st set of equations
For the coefficients of the different powers of t, Eq. (3.43) will lead to the following
equations,
for the coefficients of the term t−3/2, c11
(
1
2
− 1) = c21 , (3.50)
for the coefficients of the term t−1, c12
(
2
2
− 1) = c22 , (3.51)
for the coefficients of the term t−1/2, c13
(
3
2
− 1) = c23 , (3.52)
for the coefficients of the term t0, c14
(
4
2
− 1) = c24 . (3.53)
2nd set of equations
Following that, we now examine the coefficients of the various powers of t in Eq.
(3.48) which give the following, for the coefficients of the term t−7/2, we have,
2
1∑
k=0
c2(1−k)
(
1− k
2
− 2
)
c1k =
1∑
k=0
c2(1−k)c2k − 6
1∑
k=0
k∑
l=0
c1(1−k)c1(k−l)c2l, (3.54)
for the coefficients of the term t−3, we have,
2
2∑
k=0
c2(2−k)
(
2− k
2
− 2
)
c1k =
2∑
k=0
c2(2−k)c2k − 6
2∑
k=0
k∑
l=0
c1(2−k)c1(k−l)c2l, (3.55)
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for the coefficients of the term t−5/2, we have,
2
3∑
k=0
c2(3−k)
(
3− k
2
− 2
)
c1k =
3∑
k=0
c2(3−k)c2k − 6
3∑
k=0
k∑
l=0
c1(3−k)c1(k−l)c2l, (3.56)
for the coefficients of the term t−2, we have,
2
4∑
k=0
c2(4−k)
(
4− k
2
− 2
)
c1k =
4∑
k=0
c2(4−k)c2k − 6
4∑
k=0
k∑
l=0
c1(4−k)c1(k−l)c2l − 1
6
c201.
(3.57)
Consequently, solving the sets of Eqs. (3.50)-(3.50) and (3.54)-(3.57) we find,
c11 = c21 = 0, (3.58)
c12 = c22 = 0, (3.59)
c13 = 2c23, (3.60)
and
c14 = c24 = − 1
36
. (3.61)
Thus, the final series representation of the solution has the form:
x(t) =
1
2
t−1 + c13 t1/2 − 1
36
t+ · · · , (3.62)
y(t) = −1
2
t−2 +
c13
2
t−1/2 − 1
36
t0 + · · · , (3.63)
and, since x = H = a˙/a, we arrive at the asymptotic form of the scale factor
around the singularity:
a(t) = α t1/2 +
2c13α
3
t2 − α
72
t5/2 +
4α c213
9
t7/2 + · · · , (3.64)
where α is a constant of integration.
3.2.5 Fredholm’s alternative
As a final test for admission of this solution, we use Fredholm’s alternative to be
satisfied by any admissible solution. This leads to a compatibility condition for the
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positive eigenvalue 3/2 and the associated eigenvector,
v> ·
(
K − j
s
I
)
cj = 0, (3.65)
where I denotes the identity matrix, and we have to satisfy this at the j = 3 level.
This gives the following orthogonality constraint,
(2, 1,−8ρ
3
) ·

−1
2
c13 + c23
c13 − 2c23
−2ρc13 − 32c33
 = 0. (3.66)
which leads to
c13 = 2c23. (3.67)
This exactly Eq. (3.60), thus leading to the conclusion that Eqs. (3.62)-(3.63)
correspond to a valid asymptotic solution around the singularity.
Our series solution (3.62)-(3.63) has two arbitrary constants, namely, c13 and
a second one corresponding to the arbitrary position of the singularity (taken here
to be zero without loss of generality), and is therefore a local expansion of the
general solution around the initial singularity. Since the leading order coefficients
are real, by a theorem of Goriely and Hyde, cf. [94], we conclude that there is an
open set of initial conditions for which the general solution blows up at the finite
time (initial) singularity at t = 0. This proves the stability of our solution in the
neighborhood of the singularity.
3.3 Conclusion
In this chapter we have considered the possible singular behaviors and asymptotic
limits of vacuum, flat isotropic universes in the fully quadratic gravity theory in
four dimensions which apart from the Einstein term also contains terms propor-
tional to a linear combination of R2,Ric2 and Riem2. Using various asymptotic
and geometric arguments, we were able to built a solution of the field equations
in the form of a Fuchsian formal series expansion compatible with all other con-
straints, dominated asymptotically to leading order by this solution and having
the correct number of arbitrary constants that makes it a general solution of the
field equations. In this way, we conclude that this exact solution is an early time
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attractor of all homogeneous and isotropic flat vacua of the theory, thus proving
stability against such ‘perturbations’.
In the next chapter we will proceed with the curved cases of the same class of
cosmological models. Namely, we will analyze asymptotically the vacuum, curved
FRW universes thus completing the profile of the asymptotic uniqueness of the
vacuum isotropic universes in the fully quadratic gravity theory and their stability
in the neighborhood of the initial singularity.
Chapter 4
Curved vacua
In this chapter we extend our analysis of the vacuum higher-order cosmological
models to the curved cases. In these cases the vector field which describes the
evolution of the universe takes a three-dimensional form and a number of extra
terms appear that increase the possible ways of asymptotic behavior on approach
to the initial singularity. The behavior of the extra terms in our asymptotic
analysis will lead us at the end of the chapter to certain conclusions about the
way curvature affects the asymptotic of this class of universes.
4.1 Introduction
As we have seen in the previous chapter when we have a flat vacuum FRW model
in the fully quadratic theory of gravity defined by the action (2.2), the vector field
f 0,VAC described by the Eq.(3.5) has one admissible asymptotic solution near the
initial singularity, namely, the form (3.62)-(3.63). In this family, all flat vacua are
asymptotically dominated (or ‘attracted’) at early times by the form a(t) ∼ t1/2,
thus proving the stability of this solution in the flat case.
In order to study the situation of a vacuum but curved family of FRW
universes, we will apply the method of asymptotic splittings to the vector field
(2.30) which was obtained in Chapter 2 from the general quadratic action (2.2). In
this case, there are two extra complications which have to be analyzed separately.
Firstly, when k 6= 0, the vacuum field fVAC is 3-dimensional instead of planar as
it was in the flat case. Secondly, it has more terms than those present in the flat
case, namely, those that contain k in (2.30).
Below we shall use the suggestive notation f k,VAC instead of fVAC to signify
that we are dealing with non-flat vacua. The general form of the vector field
40
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presently is given by,
f k,VAC(x, y, z) =
(
y,
y2
2x
− 3xy + kxz − k
2z2
2x
− x
12
− kz
12x
,−2xz
)
. (4.1)
4.2 Vector field decompositions
As described in Chapter 3, firstly, we are interested in finding the complete list of
all possible weight-homogeneous decompositions for the field given by Eq. (4.1)
of the general form
f k,VAC = f
(0)
k,VAC + f
(sub)
k,VAC. (4.2)
The vector field f k,VAC (or the basic system (2.28)) can decompose precisely in
26 − 1 = 63 different ways presented in the table of the Appendix A. In this table
f
(0)
k,VAC denotes the candidate dominant part of the field, and f
(sub)
k,VAC its subdominant
one. Each of these 63 different decompositions represents the possible ways the
field may dominate the evolution of the system. However, for any one of these ways
to be an admissible one, certain conditions have to be satisfied as our subsequent
asymptotic analysis will show.
4.3 The all-terms-dominant decomposition
Having found a complete profile of the dynamical field decompositions, the next
step is to look for the admissible dominant feature allowed by each vector field
splitting, the so-called dominant balances of the field near the finite-time singu-
larity.
4.3.1 Dominant exponents analysis
In order to search for the possible dominant balances, we begin with an analysis
of the last decomposition, f63 k,VAC (also called the all-terms-dominant decompo-
sition), from which we can extract useful qualitative conclusions for the total of
the possible dominant decompositions. Substituting the forms,
x(t) = atp = (θtp, ηtq, ρtr). (4.3)
into the dominant system (x˙, y˙, z˙)(t) = f63
(0)
k,VAC, we obtain a nonlinear algebraic
system for the coefficients and the principal exponents of the dominant balance.
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Solving this system, we may determine the dominant balance (a,p), as an exact,
scale invariant solution, where a = (θ, η, ρ) ∈ C3 are constants and p = (p, q, r) ∈
Q3. The dominant system takes the form,
θptp−1 = ηtq, (4.4)
ηqtq−1 =
η2
2θ
t2q−p − 3θη tp+q + kθρ tp+r − k
2ρ2
2θ
t2r−p
− θ
12
tp − kρ
12θ
tr−p, (4.5)
ρrtr−1 = −2θρtp+r. (4.6)
We can make the following general observations for the components of the expo-
nents vector p = (p, q, r). Since the term −2xz is the third component in the
dominant part of every one of the 63 asymptotic decompositions, Eq. (4.6) leads
to p = −1. Consequently this is the only possible value of p common in any
dominant balance.
Following that, and since Eq. (4.4) gives p− 1 = q we conclude that q = −2
and this is also the only possible common value of q in any dominant balance,
the term y being the first component in the dominant part of every asymptotic
decomposition.
Each term of the RHS of Eq. (4.6) leads to certain equations for the com-
ponents of p = (p, q, r) which have to be satisfied for the specific values p = −1
and q = −2 found from solving Eqs. (4.4) and (4.6). Hence, we find that,
q − 1 = 2q − p, for the term + η
2
2θ
t2q−p (4.7)
q − 1 = p+ q, for the term − 3θη tp+q (4.8)
q − 1 = p+ r, for the term + kθρ tp+r (4.9)
q − 1 = 2r − p, for the term − k
2ρ2
2θ
t2r−p (4.10)
q − 1 = p, for the term − θ
12
tp (4.11)
q − 1 = r − p, for the term − kρ
12θ
tr−p (4.12)
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Consequently, there is no vector p = (p, q, r) that satisfies the dominant system
(4.4)-(4.6), so we conclude that the all-terms-dominant decomposition f63 k,VAC
does not admit a dominant balance asymptotically towards the singularity.
In addition, there are a number of very useful observations which can be
advanced based on the above analysis:
• The values p = −1 and q = −2 are the only acceptable ones for any possible
dominant balance.
• Having said that, we can see that, for these values of p and q, Eq.(4.11),
which is coming from the only linear term of the system, becomes impossible
to satisfy. Consequently, the 32 asymptotic decompositions that contain the
linear term − x
12
in their dominant parts cannot admit a dominant balance
and may be ignored in our list in Table (A.1) leaving us with 31 possible
asymptotic decompositions.
• For p = −1 and q = −2, Eq. (4.12) leads to r = −4 while Eqs. (4.9)
and (4.10) lead to r = −2. Consequently, the term − kz
12x
cannot coexist
with neither one of the terms +kxz and −k2z2
2x
in the dominant part of an
acceptable asymptotic decomposition. Thus 12 of the remaining 31 possible
asymptotic decompositions can be crossed out as well, leaving 19 candidates
in all.
This last observation leads to an interesting interpretation of our current results.
This is related to the fact that Eqs. (4.9),(4.10) and (4.12) are obtained from the
terms − kz
12x
, +kxz and −k2z2
2x
respectively, namely, the only terms of the vector
field (4.1) that contain the curvature term k. As shown above the appearance of
those terms in the dominant part of a specific possible asymptotic decomposition
forces r to take some specific value (i.e. r = −2 or r = −4), while their simul-
taneous appearance in the subdominant part leaves r as an arbitrary parameter
in this phase of the procedure. As we will see later in this Chapter, it is exactly
this fact that causes the appearance of one more arbitrary parameter in one of our
final asymptotic solutions which subsequently identifies the obtained solution as a
general asymptotic solution of the dynamical system corresponding to the vector
field f k,VAC.
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4.3.2 Coefficients analysis
Before we conclude the analysis of the all-terms-dominant decomposition we study
the equations satisfied by the coefficients of the dominant system (4.4)-(4.6), that
is the components of the vector a = (θ, η, ρ) in the dominant balance. We have
θp = η, (4.13)
ηq =
η2
2θ
− 3θη + kθρ− k
2ρ2
2θ
− θ
12
− kρ
12θ
, (4.14)
ρr = −2θρ. (4.15)
Therefore, substituting the values −1 and −2 for p and q respectively, we find
−θ = η, (4.16)
−2η = η
2
2θ
− 3θη + kθρ− k
2ρ2
2θ
− θ
12
− kρ
12θ
, (4.17)
ρ (r + 2θ) = 0. (4.18)
Since the first and third components of the vector field (4.1), namely, y and −2xz,
have only one single term we conclude that Eqs. (4.16) and (4.18) must be satisfied
by the components of any possible vector a = (θ, η, ρ) in the balance. More
specifically:
• The vector a of any admissible dominant balance (a,p) will have the form
a = (θ, −θ, ρ).
• From Eq. (4.18), we have that ρ = 0 or θ = − r
2
.
4.4 The hypothetical all-terms-subdominant de-
composition
Although it is impossible to have an all-terms-subdominant asymptotic decomposi-
tion since in that case by definition there would not exist any dominant asymptotic
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behavior in the first place, it is instructive to study the hypothetical case where
the subdominant part of a possible asymptotic decomposition would contain all
the terms of the initial vector field (4.1) and the rest would comprise the domi-
nant part f
(0)
k,VAC, so that their sum would be the same, namely that which in this
chapter we denote by f k,VAC. Therefore, let us suppose that there exists a possible
asymptotic decomposition whose subdominant part has the form
fh
(sub)
k,VAC =
(
0,
y2
2x
− 3xy + kxz − k
2z2
2x
− x
12
− kz
12x
, 0
)
, (4.19)
where h stands for hypothetical. Then, as we have already seen in Chapter 3 we
need to examine the limit of the following expression as t→ 0, in order to confirm
that the subdominant part is indeed subdominant asymptotically.
f
(sub)
k,VAC(at
p)
tp−1
. (4.20)
Of course, in this case we do not have an admissible dominant balance (a,p) but
we may use a dominant balance that satisfies all the conditions that we have found
so far. More specifically, we will use a dominant balance of the form (ah,ph) =
((θ, −θ, ρ), (−1,−2, r)), having in mind that r can either take the values −2, −4
or else be unspecified. In this case, we have
fh
(sub)
k,VAC (aht
ph) =
(
0,
η2
2θ
t2q−p − 3θη tp+q + kθρ tp+r
−k
2ρ2
2θ
t2r−p − θ
12
tp − kρ
12θ
tr−p, 0
)
,
(4.21)
and
tp−1 =
(
tp−1, tq−1, tr−1
)
. (4.22)
Subsequently, after substituting for (ah,ph), Eqs. (4.21) and (4.22) take the form,
fh
(sub)
k,VAC (aht
ph) =
(
0,
θ
2
t−3 + 3θ2 t−3 + kθρ tr−1
−k
2ρ2
2θ
t2r+1 − θ
12
t−1 − kρ
12θ
tr+1, 0
)
,
(4.23)
and
tph−1 =
(
t−2, t−3, tr−1
)
, (4.24)
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which gives,
fh
(sub)
k,VAC(aht
ph)
tph−1
=
(
0, −θ
2
t0 + 3θ2 t0 + kθρ tr+2
−k
2ρ2
2θ
t2r+4 − θ
12
t2 − kρ
12θ
tr+4, 0
)
,
(4.25)
or, equivalently,
fh
(sub)
k,VAC(aht
ph)
tph−1
=
(
0, −θ
2
, 0
)
︸ ︷︷ ︸
1st term
+
(
0, 3θ2, 0
)︸ ︷︷ ︸
2nd term
+ (0, kθρ, 0) tr+2︸ ︷︷ ︸
3rd term
+
(
0, −k
2ρ2
2θ
, 0
)
t2(r+2)︸ ︷︷ ︸
4th term
+
(
0, − θ
12
, 0
)
t2︸ ︷︷ ︸
5th term
+
(
0, − kρ
12θ
, 0
)
tr+4︸ ︷︷ ︸
6th term
. (4.26)
Taking now the limit as t → 0, although we cannot reach to a conclusion about
the actual subdominant part of an existing possible asymptotic decomposition, we
can gain a valuable insight of the subdominant behavior of each term of the second
component of (4.1). Below we examine separately the subdominant behavior of
each term of the second component of (4.1) in comparison with their corresponding
terms in Eq. (4.26) and we explain the reasons for which 16 more of the 19 possible
asymptotic decompositions left fail to lead to an asymptotic solution leaving us
finally with 3 admissible asymptotic decompositions out of the initial 63.
• The first term, y2
2x
, which corresponds to the first term of the RHS of Eq.
(4.26) has a strongly dominant character in the sense that when it appears
in the subdominant part it is most likely that the expression (4.20) will not
vanish as t → 0 except in the cases when θ = 0 or when θ might take
such a value that the term − θ
2
will be eliminated by addition to a term
with the opposite sign. Solving one by one the dominant systems of the
19 left possible asymptotic decompositions of the initial vector field, (4.1),
we find that the appearance of y
2
2x
in the subdominant part leads indeed to
the exclusion of the relevant decompositions, except of one interesting case
which we will study in the next section.
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• The second term, −3xy, which corresponds to the second term of the RHS
of Eq. (4.26) has also a strongly dominant character in the same sense
as the first term. Again solving one by one the dominant systems of the
19 remaining asymptotic decompositions, we find that its appearance in the
subdominant part of a possible asymptotic decomposition leads in every case
to the exclusion of that specific decomposition.
• The third and fourth terms, +kxz and −k2z2
2x
, corresponding to the third
and fourth terms respectively of the RHS of Eq. (4.26) are, as we have seen
previously, the ones responsible for r taking the value −2 when they appear
in the dominant part of a possible asymptotic decomposition. For that same
value of r, both terms do not vanish as t→ 0, except in the case when ρ = 0
or θ = 0, for the third term only. Thus, one might expect these two terms
are in general ‘bound’ to one another, in the sense that either they both
have to appear in the dominant part of a decomposition (causing r to take
the value −2), or they both have to appear in the subdominant part. If they
are split, the one appearing in the dominant part will cause r to take the
value −2, while the other (appearing in the subdominant part) will cause
the expression (4.20) not to vanish as t→ 0 for that same value of r. Again,
we note that this is one more reason causing some of the possible asymptotic
decompositions to fail to lead to an acceptable asymptotic solution of the
dynamical system in question. Although the above argument makes it highly,
below we also treat the case, where these two terms have different dominant
behavior but the values of the dominant balance are such that they allow
the specific decomposition to lead to an asymptotic solution.
• The fifth term, − x
12
, corresponds to the fifth term of the RHS of Eq. (4.26).
As expected, this linear term shows an absolute subdominant asymptotic
behavior. It was already clear from the previous subsection that it was im-
possible to exist in the dominant part of any valid asymptotic decomposition
and it was also met presently.
• Finally, the sixth term − kz
12x
which corresponds to the sixth term of the
RHS of Eq. (4.26), is one of the terms which include the curvature term k.
Its subdominant behavior depends on the value of r, and as we have already
seen it cannot coexist with the third and fourth terms in the dominant part
of an admissible asymptotic decomposition.
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4.5 The admissible asymptotic decompositions
For the reasons explained so far, only 3 of the 63 decompositions of Table (A.1)
eventually lead to fully acceptable dominant balances, while the rest 60 decompo-
sitions fail to do so. Therefore, the only acceptable asymptotic splittings of the
vector field f k,VAC of the general form f k,VAC = f
(0)
k,VAC + f
(sub)
k,VAC, have the following
dominant parts
f7
(0)
k,VAC =
(
y,
y2
2x
− 3xy,−2xz
)
, (4.27)
f12
(0)
k,VAC = (y,−3xy + kxz,−2xz) , (4.28)
f42
(0)
k,VAC =
(
y,
y2
2x
− 3xy + kxz − k
2z2
2x
,−2xz
)
, (4.29)
while their subdominant parts are given respectively by the forms,
f7
(sub)
k,VAC =
(
0, kxz − k
2z2
2x
− x
12
− kz
12x
, 0
)
, (4.30)
f12
(sub)
k,VAC =
(
0,
y2
2x
− k
2z2
2x
− x
12
− kz
12x
, 0
)
, (4.31)
f42
(sub)
k,VAC =
(
0,− x
12
− kz
12x
, 0
)
. (4.32)
In the next section, we present the asymptotic analysis of the first of the three
finally accepted decompositions and construct the asymptotic solution in the form
of a formal series expansion.
4.6 General asymptotic solutions
4.6.1 The dominant balance of the general solution
We now proceed with the construction of the asymptotic solution for the first of
the three admissible asymptotic decompositions, namely, the one that leads to
a general solution which will also allow us to make certain conclusions for the
stability of that solution. The decomposition that leads to the general solution is
f7 k,VAC of Table (A.1).
To obtain its asymptotic balance B 7 k,VAC ∈ C3 ×Q3, we solve the dominant
system x˙(t) = f7
(0)
k,VAC obtained by substituting a scale-invariant solution of the
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form,
x(t) = atp = (θtp, ηtq, ρtr). (4.33)
That is we find,
θptp−1 = ηtq, (4.34)
ηqtq−1 =
θ2
2η
t2q−p − 3θη tp+q, (4.35)
ρrtr−1 = −2θρtp+r. (4.36)
Consequently, we are led to the dominant balance,
B 7 k,VAC = (a,p) =
((
1
2
,−1
2
, ρ
)
, (−1,−2,−1)
)
. (4.37)
In particular, this means that the vector field f7
(0)
k,VAC is a scale-invariant system.
4.6.2 Subdominant condition
Subsequently, we need to show that the higher-order terms (4.30) in the basic de-
composition of the vacuum field are themselves weight-homogeneous with respect
to the balance (4.37) for this to be an acceptable one. To prove this, we first split
the subdominant part (4.30) by writing
f7
(sub)
k,VAC(x) = f
7(1)
k,VAC(x) + f
7(2)
k,VAC(x) + f
7(3)
k,VAC(x), (4.38)
where
f7
(1)
k,VAC(x) = (0, kxz, 0) ,
f7
(2)
k,VAC(x) =
(
0,−k
2z2
2x
− x
12
, 0
)
,
f7
(3)
k,VAC(x) =
(
0,− kz
12x
, 0
)
, (4.39)
and using the balance B 7 k,VAC defined by Eq. (4.37), we find that
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f7
(1)
k,VAC(at
p)
tp−1
= f7
(1)
k,VAC(a)t =
(
0,
k ρ
2
t, 0
)
, (4.40)
f7
(2)
k,VAC(at
p)
tp−1
= f7
(2)
k,VAC(a)t
2 =
(
0,
(
−k2ρ2 − 1
24
)
t2, 0
)
, (4.41)
f7
(3)
k,VAC(at
p)
tp−1
= f7
(3)
k,VAC(a)t
3 =
(
0,−kρ
6
t3, 0
)
. (4.42)
Hence, taking the limit as t→ 0, we see that these forms go to zero asymptotically
provided that f
(i)
k,VAC1
(a), i = 1, 2, 3 are all different from zero. This happens only
when  6= 0, that is for all cases except when 3β + γ = 0. Since the subdominant
exponents
q(0) = 0 < q(1) = 1 < q(2) = 2 < q(3) = 3, (4.43)
are ordered, we conclude that the subdominant part (4.30) is weight-homogeneous
as promised.
4.6.3 Construction of the K-matrix
Further, we calculate the Kovalevskaya matrix given by
K7k,VAC = D f7(0)K,VAC(a)− diag(p), (4.44)
which leads to,
K7k,VAC =

1 1 0
1 −1/2 0
−2ρ 0 0
 , (4.45)
with spectrum
spec(K7k,VAC) = {0,−1, 3/2}. (4.46)
4.6.4 Substitution of the Fuchsian series expansion
In order to find that solution, we substitute the Fuchsian series expansions and
their derivatives
x(t) =
∞∑
i=0
c1it
i
2
−1, y(t) =
∞∑
i=0
c2it
i
2
−2, z(t) =
∞∑
i=0
c3it
i
2
−1, (4.47)
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x˙(t) =
∞∑
i=0
c1i
(
i
2
− 1
)
t
i
2
−2, y˙(t) =
∞∑
i=0
c2i
(
i
2
− 2
)
t
i
2
−3,
z˙(t) =
∞∑
i=0
c3i
(
i
2
− ρ
)
t
i
2
−2,
(4.48)
where c10 = 1/2 and c20 = −1/2, c30 = ρ, in the following equivalent form of the
original system (2.28), namely
x˙ = y, (4.49)
2xy˙ = y2 − 6x2y + 2kx2z − k2z2 − 1
6
x2 − k
6
z, (4.50)
z˙ = −2xz. (4.51)
from which we will be led to various recursion relations that determine the un-
knowns c1i, c2i, c3i term by term. More specifically from Eq. (4.49) after substitu-
tion we have
∞∑
i=0
c1i
(
i
2
− 1
)
t
i
2
−2 =
∞∑
i=0
c2it
i
2
−2, (4.52)
which leads to
c1i
(
i
2
− 2
)
= c2i . (4.53)
From Eq. (4.50) we calculate separately each term after substitution:
2xy˙ = 2
( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c2i
(
i
2
− 2
)
t
i
2
−3
)
= 2 t−4
∞∑
i=0
i∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l t
i
2 , (4.54)
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y2 =
( ∞∑
i=0
c2i t
i
2
−2
)( ∞∑
i=0
c2i t
i
2
−2
)
= t−4
∞∑
i=0
i∑
l=0
c2(i−l)c2l t
i
2 , (4.55)
−6x2y = −6
( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c2i t
i
2
−2
)
= −6 t−4
∞∑
i=0
i∑
l=0
k∑
m=0
c1(i−l)c1(l−l)c2m t
i
2 , (4.56)
2kx2z = 2k
( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c3i t
i
2
−1
)
= 2k t−3
∞∑
i=0
i∑
l=0
k∑
m=0
c1(i−l)c1(m−l)c3l t
i
2 , (4.57)
−k2z2 = −k2
( ∞∑
i=0
c3i t
i
2
−1
)( ∞∑
i=0
c3i t
i
2
−1
)
= −k2 t−2
∞∑
i=0
i∑
l=0
c3(i−l)c3l t
i
2 , (4.58)
− 1
6
x2 = − 1
6
( ∞∑
i=0
c1i t
i
2
−1
)( ∞∑
i=0
c1i t
i
2
−1
)
= − 1
6
t−2
∞∑
i=0
i∑
k=0
c1(i−k)c1k t
i
2 , (4.59)
− k
6
z = − k
6
t−1
∞∑
i=0
c3i t
i
2 . (4.60)
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Subsequently, we are led to the following form of (4.50),
2 t−4
∞∑
i=0
i∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l t
i
2 = t−4
∞∑
i=0
i∑
l=0
c2(i−l)c2l t
i
2
−6 t−4
∞∑
i=0
i∑
l=0
k∑
m=0
c1(i−l)c1(l−m)c2m t
i
2 + 2k t−3
∞∑
i=0
i∑
l=0
k∑
m=0
c1(i−l)c1(m−l)c3lt
i
2
−k2 t−2
∞∑
i=0
i∑
l=0
c3(i−l)c3l t
i
2 − 1
6
t−2
∞∑
i=0
i∑
k=0
c1(i−k)c1k t
i
2 − k
6
t−1
∞∑
i=0
c3i t
i
2(4.61)
Finally, from Eq. (4.51) after substitution we have
∞∑
i=0
c3i
(
i
2
− 1
)
t
i
2
−2 = −2
( ∞∑
i=0
c1it
i
2
−1
)( ∞∑
i=0
c3i t
i
2
−1
)
, (4.62)
which leads to
t−2
∞∑
i=0
c3i
(
i
2
− 1
)
t
i
2 = −2 t−2
∞∑
i=0
i∑
l=0
c1(i−l)c3l t
i
2 . (4.63)
4.6.5 Calculation of the final series coefficients
Eqs. (4.53),(4.61) and (4.63) constitute the system from which we calculate term
by term the coefficients c1i, c2i and c3i of the asymptotic solution of the initial
dynamical system (4.49)-(4.51) in the form of the Fuchsian series expansions (4.47),
that is
x(t) =
1
2
t−1 + c11 t−1/2 + c12 t0 + c13 t1/2 + c14 t1 + · · · ,
y(t) = −1
2
t−2 + c21 t−3/2 + c22 t−1 + c23 t−1/2 + c24 t0 + · · · ,
z(t) = ρt−1 + c31 t−1/2 + c32 t0 + c33 t1/2 + c34 t1 + · · · , (4.64)
We determine for each of the Eqs. (4.53), (4.61) and (4.63) a different set of
equations for the coefficients of the various powers of t which will eventually give
us the values of c1i, c2i and c3i.
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1st set of equations
For the coefficients of the different powers of t, Eq. (4.53) leads to the following
equations,
for the coefficients of the term t−3/2, c11
(
1
2
− 1) = c21 , (4.65)
for the coefficients of the term t−1, c12
(
2
2
− 1) = c22 , (4.66)
for the coefficients of the term t−1/2, c13
(
3
2
− 1) = c23 , (4.67)
for the coefficients of the term t0, c14
(
4
2
− 1) = c24 . (4.68)
2nd set of equations
Subsequently, for the coefficients of the different powers of t, Eq. (4.61) leads to
the following equations:
For the coefficients of the term t−7/2, we have
2
1∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l =
1∑
l=0
c2(i−l)c2l − 6
1∑
l=0
k∑
m=0
c1(i−l)c1(l−m)c2m , (4.69)
which leads to
c11 = c21. (4.70)
For the coefficients of the term t−3, we have
2
2∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l =
2∑
l=0
c2(i−l)c2l − 6
2∑
l=0
l∑
m=0
c1(i−l)c1(l−m)c2m
+2k
0∑
l=0
l∑
m=0
c1(i−l)c1(m−l)c3l ,
(4.71)
which leads to
c12 =
kρ
2
. (4.72)
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For the coefficients of the term t−5/2, we have
2
3∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l =
3∑
l=0
c2(i−l)c2l − 6
3∑
l=0
l∑
m=0
c1(i−l)c1(l−m)c2m
+2k
1∑
l=0
l∑
m=0
c1(i−l)c1(m−l)c3l ,
(4.73)
which leads to
c23 =
c13
2
. (4.74)
For the coefficients of the term t−2, we have
2
4∑
l=0
c2(i−l)
(
i− l
2
− 2
)
c1l =
4∑
l=0
c2(i−l)c2l − 6
4∑
l=0
k∑
m=0
c1(i−l)c1(l−m)c2m
+2k
2∑
l=0
k∑
m=0
c1(i−l)c1(m−l)c3l − k2
0∑
l=0
c3(i−l)c3l − 1
6
0∑
l=0
c1(i−l)c1l
(4.75)
which leads to
5c24 − 2c14 = −3ρ
2
2
− 1
12
. (4.76)
3rd set of equations
Finally, for the coefficients of the different powers of t, Eq. (4.63) leads to the
following equations:
For the coefficients of the term t−3/2,
c13
(
1
2
− 1
)
= −2
1∑
l=0
c1(1−l)c3l , (4.77)
leading to
c13 = −4ρc11. (4.78)
For the coefficients of the term t−1,
c32
(
2
2
− 1
)
= −2
2∑
l=0
c1(2−l)c3l, (4.79)
which leads to
2ρc12 + c32 + 2c11c31 = 0. (4.80)
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for the coefficients of the term t−1/2,
c33
(
3
2
− 1
)
= −2
3∑
l=0
c1(3−l)c3l, (4.81)
which lead to
3c33 + 4ρc13 + 4c12c31 + 4c11c32 = 0, (4.82)
for the coefficients of the term t0,
c14
(
4
2
− 1
)
= −2
4∑
l=0
c1(4−l)c3l, (4.83)
which lead to
c34 + ρc14 + c13c31 + c12c32 + c11c33 = 0. (4.84)
4.6.6 Final form of the general solution
Consequently, we arrive at the following asymptotic series representation for the
decomposition (4.27):
x(t) =
1
2
t−1 − kρ
2
+ c13 t
1/2 −
(
k2ρ2
4
+
1
36
)
t+ · · · , (4.85)
while the corresponding series expansion for y(t) is given by the first time derivative
of the above expression, while that for z(t) is given by
z(t) = ρ t−1 − kρ2 − 4ρ c13
3
t1/2 +
(
k2ρ2(1 + 2ρ)
4
+
1
36
)
t+ · · · . (4.86)
For the scale factor, we find
a(t) = α t1/2 − kρα
2
t3/2 +
2c13α
3
t2 −
(
k2ρ2α
8
+
α
72
)
t5/2 + · · · , (4.87)
where α is a constant of integration and α−2 = ρ.
This series (4.85) has three arbitrary constants, ρ, c13 with the third one
corresponding to the arbitrary position of the singularity. Therefore, this repre-
sents a local expansion of a general solution around the initial singularity. The
transformation c13 = 3c
′
13/2α and  = k/6 in the series expansion (4.87), leads to
the form which is obtained by setting ζ = 0 in the series expansion found for the
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curved, radiation case, cf. Eq. (4.13) of [102]. In addition, by setting k = 0 we
are lead to the form (3.62)-(3.63) found for the flat vacuum.
We note that because of the square root, limits can only be taken in the
backward direction, t ↓ 0, in the solution (4.87), another way of expressing the
curious fact that this solution (along with Eq. (3.64) found in the previous Section)
is only valid at early times and corresponds to a past singularity.
4.7 Milne states
4.7.1 Milne - Dominant balance
We now move on to the analysis of the last two decompositions, namely, those with
dominant parts (4.28) and (4.29). We show below that these lead to particular
solutions (meaning having less number of arbitrary constants than in a general
solution) for k = −1 and k = +1.
In the case of open universes, k = −1, and the dominant parts take the forms
f12
(0)
−1,VAC = (y,−3xy − xz,−2xz) , (4.88)
f42
(0)
−1,VAC =
(
y,
y2
2x
− 3xy − xz − z
2
2x
,−2xz
)
, (4.89)
with subdominant parts given by
f12
(sub)
−1,VAC =
(
0,
y2
2x
− z
2
2x
− x
12
+
z
12x
, 0
)
, (4.90)
f42
(sub)
−1,VAC =
(
0,− x
12
+
z
12x
, 0
)
, (4.91)
These two forms lead, however, to the same acceptable asymptotic balance, namely,
B12,42−1,VAC = (a,p) = ((1,−1, 1) , (−1,−2,−2)) , (4.92)
4.7.2 Milne - subdominant condition
As we have already seen in Chapter 3, we have to examine the limit of the following
expression
f
(sub)
−1,VAC(at
p)
tp−1
. (4.93)
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as t → 0, in order to confirm that the subdominant part is indeed subdominant
asymptotically. Accordingly, we need to show that the higher-order terms (4.90)
and (4.91) in the basic decompositions f12−1,VAC and f42−1,VAC respectively, are
themselves weight-homogeneous with respect to the balance (4.92) for this to be
an acceptable one. To prove this, we first split the subdominant parts (4.90) and
(4.91) by writing
f12
(sub)
−1,VAC(x) = f
12(1)
−1,VAC(x)+f
12(2)
−1,VAC(x)+f
12(3)
−1,VAC(x)+f
12(4)
−1,VAC(x), (4.94)
f42
(sub)
−1,VAC(x) = f
42(1)
−1,VAC(x) + f
42(2)
−1,VAC(x). (4.95)
Thus, we are led to the forms
f12
(sub)
k,VAC(x) =
(
0,
y2
2x
, 0
)
+
(
0,− z
2
2x
, 0
)
+
(
0,− x
12
, 0
)
+
(
0,
z
12
, 0
)
, (4.96)
f42
(sub)
k,VAC(x) =
(
0,− x
12
, 0
)
+
(
0,
z
12
, 0
)
. (4.97)
And, subsequenlty,
f12
(sub)
k,VAC(at
p) =
(
0,
η2
2θ
t2q−p, 0
)
+
(
0,−ρ
2
2θ
t2r−p, 0
)
+
+
(
0,− θ
12
tp, 0
)
+
(
0,
ρ
12θ
tr−p, 0
)
,
(4.98)
f42
(sub)
k,VAC(at
p) =
(
0,− θ
12
tp, 0
)
+
(
0,
ρ
12θ
tr−p, 0
)
. (4.99)
Now, using the B12,42−1,VAC defined by Eq. (4.92), we find that
f12
(sub)
k,VAC(at
p) =
(
0,−1
2
t−3, 0
)
+
(
0,
1
2
t−3, 0
)
+
(
0,− 1
12
t−1, 0
)
+
(
0,
1
12
t−1, 0
)
= (0, 0, 0)
(4.100)
f42
(sub)
k,VAC(at
p) =
(
0,− 1
12
t−1, 0
)
+
(
0,
1
12
t−1, 0
)
= (0, 0, 0) (4.101)
As we can see, in the case of open universes, the subdominant parts of the asymp-
totic decompositions f12−1,VAC and f42−1,VAC deviate, by suitable values of the
asymptotic balance, the conditions described in our analysis of the subdominant
character of each term and vanish for every value of t. Thus, there is no need to
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examine the limit of the expression (4.93) for any of those two decompositions.
Looking at the above equations more carefully (as well as the ones below for the
closed case) we observe the key role of the curvature term kxz underlying the fact,
that in contradiction with the flat case studied in Chapter 3, curvature is a key
feature of the universe for the existence of those Milne states in the neighborhood
of the spacetime initial singularity.
4.7.3 Milne - K-matrices
Following that, we find that the structure of the K-matrices is
K12−1,VAC =

1 1 0
2 −1 −1
−2 0 0
 , spec(K12−1,VAC) = {−1,−1, 2}, (4.102)
and
K42−1,VAC3 =

1 1 0
2 −2 −2
−2 0 0
 , spec(K42−1,VAC) = {−1,−2, 2}. (4.103)
4.7.4 Milne - Solutions
Since we are interested in the behavior of solutions near finite-time singularities
(as opposed to singularities at infinity), we may set the arbitrary constants cor-
responding to the negative eigenvalues equal to zero, and led to a form for x(t)
common for both decompositions, namely,
x(t) = t−1 + c12 t−
(
c12 − 18  c212
60
)
t3 + · · · . (4.104)
The corresponding series expansion for y(t) is given by the first time derivative of
the above expression, while the corresponding series expansion for z(t) is given by
z(t) = t−2 − c12 +
(
c12 ( 42 c12 + 1 )
120
)
t2 + · · · . (4.105)
Finally, we arrive at the following asymptotic form for the scale factor α(t) around
the singularity:
a(t) = α t+
α c12
2
t3 − α (c12 − 18  c
2
12)
240
t5 + · · · , (4.106)
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where α = ±1 as dictated by the definition z(t) = 1/a(t)2.
This solution has therefore two arbitrary constants, c12 and a second one
corresponding to the arbitrary position of the singularity (taken here to be zero
without loss of generality), and is therefore a local expansion of a particular so-
lution around the singularity. Since the time singularity can be approached here
from either the past or the future direction, we conclude that it represents a 2-
parameter family of past, or future Milne states for these open vacua. This is
also reminiscent of the Frenkel-Brecher horizonless solutions, cf. [83], with the
important difference that their solutions are matter-filled an possibly valid only in
the past direction.
4.7.5 Milne - Closed universe
On the other hand, when k = +1, the decomposition (4.28) does not lead to an
acceptable dominant balance, but (4.29) does, namely,
f42
(0)
+1,VAC =
(
y,
y2
2x
− 3xy + xz − z
2
2x
,−2xz
)
, (4.107)
with subdominant part
f
(sub)
+1,VAC3
=
(
0,− x
12
− z
12x
, 0
)
, (4.108)
and we obtain
B42+1,VAC = (a,p) = ((1,−1, 3) , (−1,−2,−2)) . (4.109)
The corresponding K-matrix is
K42+1,VAC =

1 1 0
10 −2 −2
−6 0 0
 , spec(K+1,VAC3) = {−1,−2√3, 2√3}, (4.110)
and we expect particular solutions in this case with the given leading order, how-
ever, due to the irrational Kowalevskaya exponents the resulting series will contain
logarithmic terms.
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4.8 Conclusion
It turns out that a prominent role in the early asymptotic evolution of both flat and
curved vacua in this theory is played by a scaling form that behaves as t1/2 near the
initial singularity. Using various asymptotic and geometric arguments, we were
able to built a solution of the field equations in the form of a Fuchsian formal se-
ries expansion compatible with all other constraints, dominated asymptotically to
leading order by this solution and having the correct number of arbitrary constants
that makes it a general solution of the field equations. In this way, we conclude
that this exact solution is an early time attractor of all homogeneous and isotropic
vacua of the theory, thus proving stability against such ‘perturbations’.
For open vacua, there is a 2-parameter family of Fuchsian solutions that is
dominated asymptotically by the Milne form both for past and future singulari-
ties. In the case of closed models, we have logarithmic solutions coming from a
manifold of initial conditions with smaller dimension than the full phase space but
dominated asymptotically by the same a(t) ∼ t form.
Chapter 5
Radiation-filled universes
In this chapter we will start from the basic dynamical system and the equivalent
vector field which describe the dynamical evolution of any radiation-filled FRW
universe in higher order gravity and, assuming the existence of a finite time sin-
gularity (taken here to lie at t=0 without loss of generality) in its set of solutions,
we will study its asymptotic behavior in the neighborhood of the singularity.
5.1 Introduction
In this section we shall derive the basic vector field and the equivalent dynamical
system which completely describe the dynamical evolution of any radiation-filled
FRW universe in higher order gravity.
These cosmological models are determined by the Robertson-Walker metric,
which is derived by assuming homogeneity and isotropy of a universe with constant
curvature and has the general form (2.15).
We assume that these spaces are filled with a radiation fluid and the energy-
momentum tensor has the form Tµν = (p+ ρ)uµuν + pgµν , where the fluid velocity
4-vector is uµ = δµ0 an equation of state of the form, p = ρ/3.
The general higher-order action is the same as the one we have used so far,
namely, Eq. (2.2) which as it has already been discussed in Chapter 2 leads to the
field equations,
Rµν − 1
2
gµνR +
ξ
6
[
2RRµν − 1
2
R2gµν − 2(gµρgνσ − gµνgρσ)∇ρ∇σR
]
= T µν , (5.1)
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Using the metric (2.15), the field equation (5.1) leads to our basic cosmolog-
ical equation in the form
k + a˙2
a2
+ ξ
[
2
...
a a˙
a2
+ 2
a¨a˙2
a3
− a¨
2
a2
− 3 a˙
4
a4
− 2k a˙
2
a4
+
k2
a4
]
=
ζ2
a4
, (5.2)
where ζ is a constant defined by the constraint
ρ
3
=
ζ2
a4
, (from ∇µT µ0 = 0). (5.3)
This is exactly like Eq. (2.24) except for the RHS where the ‘radiation’ term, ζ
2
a4
,
appears instead of zero.
Setting in this case
x = a, y = a˙ and z = a¨, (5.4)
Eq. (5.2) can be written as an autonomous dynamical system of the form
x˙ = f k,RAD(x), x = (x, y, z), (5.5)
where
x˙ = y, (5.6)
y˙ = z, (5.7)
z˙ =
ζ2
2ξx2y
− k
2
2x2y
+
3y3
2x2
+
z2
2y
− yz
x
− y
2ξ
− k
2ξy
+
ky
x2
, (5.8)
equivalent to the curvature-radiation vector field f k,RAD : R3 → R3 : (x, y, z) 7→
f k,RAD(x, y, z) with
f k,RAD(x, y, z) =
(
y, z,
ζ2
2ξx2y
− k
2
2x2y
+
3y3
2x2
+
z2
2y
− yz
x
− y
2ξ
− k
2ξy
+
ky
x2
)
.
(5.9)
The curvature-radiation field f k,RAD, or equivalently the dynamical system (5.6)-
(5.8), combines the effects of curvature and radiation, and completely describes the
dynamical evolution of any radiation-filled FRW universe in higher-order gravity.
In the following Section we shall see how this field can split asymptotically and
determine all dominant asymptotic modes developing on approach to the initial
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singularity in higher-order gravity.
5.2 Asymptotic splittings of the curvature-radiation
vector field
How many admissible asymptotic decompositions does the vector field f k,RAD given
by Eq. (5.9) possess on approach to the initial state at t = 0? We recall that when
k = 0, as shown in [92], the vector field f 0,RAD has two admissible asymptotic
solutions near the initial singularity. In the first family, all flat, radiation solutions
are dominated (or attracted) at early times by the form a(t) ∼ t1/2, thus proving
the stability of this solution in the flat case. There is also a second possible
asymptotic form near the singularity in the flat case, a(t) ∼ t, but this contains
only two arbitrary constants and hence it corresponds to a particular solution of
the theory (cf. [92]).
When k 6= 0, and we have the present situation of a radiation-filled, curved
family of FRW universes to follow asymptotically near the past singularity, the field
f k,RAD has more terms - those that contain k in (5.9) - than in the flat case. Since
we already have a precise picture of the asymptotic forms of the flat case, we can
now study the combined effects of curvature and radiation alone asymptotically.
A simple combinatorial calculation shows that f k,RAD (or the basic system (5.6)-
(5.8)) can decompose precisely in
(
8
1
) + (
8
2
) + · · ·+ ( 8
8
) = 255 (5.10)
different ways. Each one of these 255 different modes leads to an asymptotic
splitting of the form (1.16), which may contain many possible dominant balances
and so needs to be checked for admissibility. Any candidate asymptotic splitting of
the form (1.16) will accordingly be acceptable in principle, provided the candidate
subdominant part tends to zero asymptotically, that is it indeed behaves as a
subdominant contribution to the dominant asymptotic form the field splits into
(1.16). The complete list of the 255 asympototic splittings of the vector field
(5.9) is given in the Appendix B. In that table f
(0)
k,RAD denotes the candidate
dominant part of the field, and f
(sub)
k,RAD its subdominant one. Each one of these
255 decompositions represents the possible ways the vector field may dominate the
evolution of the system. However, as discussed, for any one of these asymptotic
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splittings to be an admissible one, certain conditions that will be examined below,
have to be satisfied.
5.3 The all-terms-dominant decomposition
5.3.1 Dominant exponents analysis
In order to take a quick glance at the general picture and make some preliminary
qualitative observations, we start our asymptotic decomposition analysis with the
case of the all-terms-dominant decomposition, f255k,RAD, that is the asymptotic split-
ting where,
f255
(sub)
k,RAD = 0, (5.11)
and by consequence,
f
(0)
k,RAD =
(
y, z,
ζ2
2ξx2y
− k
2
2x2y
+
3y3
2x2
+
z2
2y
− yz
x
− y
2ξ
− k
2ξy
+
ky
x2
)
. (5.12)
Substituting the dominant solution
x(t) = atp = (θtp, ηtq, ρtr). (5.13)
into the corresponding dominant system, (5.6)-(5.8), we find,
θp tp−1 = η tq, (5.14)
ηq tq−1 = ρ tr, (5.15)
ρr tr−1 =
ζ2
2ξθ2η
t−2p−q − k
2
2θ2η
t−2p−q +
3η3
2θ2
t−2p+3q +
ρ2
2η
t2r−q −
− ηρ
θ
tq+r−p − η
2ξ
tq − k
2ξη
t−q +
kη
θ2
t−2p+q. (5.16)
Firstly, we need to solve the above system for the dominant exponents, that is for
the components p = (p, q, r) ∈ Q3. Eqns. (5.14) and (5.15) lead to,
p− 1 = q and q − 1 = r. (5.17)
We note, that, these two equations must be satisfied by all possible dominant
balances since they are derived from Eqns. (5.14) and (5.15) as are part of every
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possible dominant system of the 255 possible asymptotic decompositions. Thus,
any possible vector p = (p, q, r) will have the form,
p = (q − 1, q, q + 1). (5.18)
Eq. (5.16) then leads to a set of equations for each one of the eight terms in the
right-hand side. The first and second terms, namely, ζ
2
2ξθ2η
t−2p−q and − k2
2θ2η
t−2p−q,
become,
r − 1 = 2p− q. (5.19)
Similarly, the third term, namely, 3η
3
2θ2
t−2p+3q, gives
r − 1 = −2p+ 3q, (5.20)
the fourth term, namely, ρ
2
2η
t2r−q, gives
r − 1 = 2r − q, (5.21)
the fifth term, namely, −ηρ
θ
tq+r−p, gives
r − 1 = q + r − p, (5.22)
the sixth term, namely, − η
2ξ
tq, gives
r − 1 = q, (5.23)
the seventh term, namely, − k
2ξη
t−q, gives
r − 1 = −q, (5.24)
and finaly, the eighth term, namely, kη
θ2
t−2p+q, leads to
r − 1 = −2p+ q. (5.25)
Since this is the all-terms-dominant decomposition, it is clear that the domi-
nant exponents in any other asymptotic splitting will satisfy a subset of the Eqs.
(5.19)-(5.25) depending on the way that the terms of the RHS of Eq. (5.16) are
distributed between the dominant and the subdominant part.
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By substituting the general form (5.18) in Eqs. (5.19)-(5.25), we are led to
the following observations:
1. Eq. (5.23) is impossible and the linear term − y
2ξ
cannot be included in the
dominant part of any asymptotic splitting as expected. Since there are 127
asymptotic splittings that contain the linear term − y
2ξ
in their dominant
part, we may cross them out of the list of Table (B.1) and left with 128
possible asymptotic decompositions.
2. Eq. (5.24) leads to the value q = 1, and thus when the term − k
2ξη
t−q is
included in the dominant part of an asymptotic splitting the only possible
value for the vector p is
p = (p, q, r) = (2, 1, 0). (5.26)
3. Each one of Eqs. (5.19) and (5.25) lead to the value q = 0, and thus when
any of the terms ζ
2
2ξθ2η
t−2p−q , − k2
2θ2η
t−2p−q , or kη
θ2
t−2p+q , is included in
the dominant part of an asymptotic splitting, we find
p = (p, q, r) = (1, 0, −1). (5.27)
4. Taking into consideration the last two observations we can safely conclude
that it is impossible for an asymptotic splitting to lead to an acceptable
dominant balance when it contains in its dominant part in addition to the
seventh term, − k
2ξη
t−q, any one of the first, second or eighth term, namely,
the terms ζ
2
2ξθ2η
t−2p−q , − k2
2θ2η
t−2p−q or kη
θ2
t−2p+q respectively. Of the
128 remaining asymptotic splittings of the Table (B.1), there are precisely
57 that satisfy this condition and can be safely deleted from our list, thus
leaving 71 possible asymptotic decompositions whose behavior remains to
be examined. One of these 57 rejected decompositions is f255k,RAD.
5.3.2 Coefficients analysis
Since the dominant system, (5.14)-(5.16) corresponding to the all-terms-dominant
possible asymptotic decomposition, f255 k,RAD cannot be solved for the dominant
exponents p = (p, q, r), Eq. (5.16) cannot lead to a general qualitative conclusion
for the conditions needed to be satisfied by the coefficients a = (θ, η, ρ) in order to
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have an acceptable dominant balance from any other asymptotic splitting. Nev-
ertheless, Eqs. (5.14) and (5.15) are valid in the dominant system of any possible
asymptotic decomposition and thus, we may proceed and examine below the pos-
sible forms of the coefficient vector a for each one of the special cases (5.26) and
(5.27) for the values of the exponent vector p.
First case p=(2,1,0)
When p = (2, 1, 0), that is, when the seventh term of the RHS of (5.8) is considered
as the dominant one. Eqs. (5.14)-(5.15) take the form,
2θ t = η t, (5.28)
η t0 = ρ t0, (5.29)
so that,
2θ = η, (5.30)
η = ρ. (5.31)
Concluding, in the cases where the term − k
2ξη
t−q appears in the dominant part of
an asymptotic splitting, the only possible form of a dominant balance is
B k,RAD = (a,p) = ((θ, 2θ, 2θ) , (2, 1, 0)) . (5.32)
Second case p=(-1,0,1)
When p = (−1, 0, 1), that is, when at least one of the first, second or eighth term
of the RHS of (5.8) is considered as the dominant one. Eqs. (5.14)-(5.15) take the
form,
θ t0 = η t0, (5.33)
0 t−1 = ρ t−1, (5.34)
so that,
θ = η, (5.35)
ρ = 0. (5.36)
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Concluding, in the cases where at least one of the terms ζ
2
2ξθ2η
t−2p−q , − k2
2θ2η
t−2p−q
or kη
θ2
t−2p+q appear in the dominant part of an asymptotic splitting the only
possible form of a dominant balance is
B k,RAD = (a,p) = ((θ, θ, 0) , (1, 0,−1)) . (5.37)
In any other case, the dominant balance takes the form,
B k,RAD = (a,p) = ((θ, η, ρ) , (q + 1, q, q − 1)) . (5.38)
5.3.3 The hypothetical all-terms-subdominant decomposi-
tion
Let us now move on to examine the possible subdominant behavior of each of the
terms in (5.6)-(5.8), f k,RAD, with respect to the specific forms of possible dominant
balances that we have found in the previous subsection, namely, (5.32), (5.37) and
(5.38).
In order to do that we suppose the existence of a hypothetical possible asymp-
totic decomposition which contains in its subdominant part all the terms in the
initial radiation-curved vector field (5.9). In that case the subdominant part would
have the form,
fh
(sub)
k,RAD =
(
0, 0,
ζ2
2ξx2y
− k
2
2x2y
+
3y3
2x2
+
z2
2y
− yz
x
− y
2ξ
− k
2ξy
+
ky
x2
)
, (5.39)
where h stands for ‘hypothetical’. As discussed in the previous Chapter, it is
impossible to have such a possible asymptotic decomposition since, in that case,
we would have no terms left to justify the existence of a dominant asymptotic
behavior.
Nevertheless, our current discussion aims at shedding light on the subdom-
inant character of each term by finding the conditions under which it remains
weight-homogeneous with respect to the dominant balances (5.32), (5.37) and
(5.38). To examine this, we first split the subdominant part (5.39) in the follow-
ing way,
fh
(sub)
k,RAD(x) = f
h(1)
k,RAD(x) + f
h(2)
k,RAD(x) + f
h(3)
k,RAD(x) + f
h(4)
k,RAD(x)+
+fh
(5)
k,RAD(x) + f
h(6)
k,RAD(x) + f
h(7)
k,RAD(x) + f
h(8)
k,RAD(x),
(5.40)
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where
fh
(1)
k,RAD(x) =
(
0, 0,
ζ2
2ξx2y
)
, (5.41)
fh
(2)
k,RAD(x) =
(
0, 0, − k
2
2x2y
)
, (5.42)
fh
(3)
k,RAD(x) =
(
0, 0,
3y3
2x2
)
, (5.43)
fh
(4)
k,RAD(x) =
(
0, 0,
z2
2y
)
, (5.44)
fh
(5)
k,RAD(x) =
(
0, 0, −yz
x
)
, (5.45)
fh
(6)
k,RAD(x) =
(
0, 0, − y
2ξ
)
, (5.46)
fh
(7)
k,RAD(x) =
(
0, 0, − k
2ξy
)
, (5.47)
fh
(8)
k,RAD(x) =
(
0, 0,
ky
x2
)
, . (5.48)
Subsequently, we are going to describe the contribution of each of the forms (5.41)-
(5.48) to the behavior of the expression,
f
(sub)
k,RAD(at
p)
tp−1
, (5.49)
as t→ 0 for each one of the possible dominant balances (5.32), (5.37) and (5.38)
separately.
First case p=(2,1,0)
The first case is when the dominant balance is of the form (5.32), that is,
B k,RAD = (a,p) = ((θ, 2θ, 2θ) , (2, 1, 0)) . (5.50)
As discussed earlier, this happens when the seventh term of the RHS of (5.8) is
included in the dominant part of a possible asymptotic splitting. We also note that
in this case, θ 6= 0 because a cannot vanish. In order to deal with the expression
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(5.49), we substitute the dominant balance (5.50) in Eqs. (5.41)-(5.48) and we
divide by tp−1. Thus, we have,
fh
(1)
k,RAD(at
p)
tp−1
= fh
(1)
k,RAD(a) t
−4 =
(
0, 0,
ζ2
4ξθ3
)
t−4, (5.51)
fh
(2)
k,RAD(at
p)
tp−1
= fh
(2)
k,RAD(a) t
−4 =
(
0, 0, − k
2
4θ3
)
t−4, (5.52)
fh
(3)
k,RAD(at
p)
tp−1
= fh
(3)
k,RAD(a) t
0 = ( 0, 0, 12θ) t0, (5.53)
fh
(4)
k,RAD(at
p)
tp−1
= fh
(4)
k,RAD(a) t
0 = ( 0, 0, 2θ) t0, (5.54)
fh
(5)
k,RAD(at
p)
tp−1
= fh
(5)
k,RAD(a) t
0 = ( 0, 0, −4θ) t0, (5.55)
fh
(6)
k,RAD(at
p)
tp−1
= fh
(6)
k,RAD(a) t
2 =
(
0, 0, −θ
ξ
)
t2, (5.56)
fh
(7)
k,RAD(at
p)
tp−1
= fh
(7)
k,RAD(a) t
0 =
(
0, 0, − k
2ξθ
)
t0, (5.57)
fh
(8)
k,RAD(at
p)
tp−1
= fh
(8)
k,RAD(a) t
−2 =
(
0, 0,
2k
θ
)
t−2, . (5.58)
Since, the balance (5.50) occurs only when the term − k
2ξy
is in the dominant part
of a decomposition, Eq. (5.57) does not have a ‘real’ meaning in this context and
we will not use it to make any conclusions. From the rest of the above expressions
we can make the following general observations:
1. Firstly, we recall that the expressions (5.51), (5.52) and (5.58) will always
be included in the subdominant part of any asymptotic splitting leading to
(5.50), since their corresponding terms lead to a different balance, namely,
(5.37).
2. Taking the limit of the expression (5.58) as t→ 0, we see that it always goes
to infinity. Hence, it is impossible for the eighth term, at least, to exist in
the subdominant part of any splitting of this case, in direct contradiction
with our first observation above. Consequently, the specific balance (5.50)
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is not a valid one and the term − k
2ξy
can never be part of the dominant part
of any possible asymptotic decomposition. Of the 71 remaining asymptotic
splittings of the Table (B.1), there are 8 that still contain that term in their
dominant part, and so we are left with 63 possible asymptotic decompositions
whose behavior remains to be examined.
3. Taking the limit of the expressions (5.51) and (5.52) as t → 0 they go to
infinity because of the negative exponent −4, revealing the strong dominant
character of the corresponding terms.
4. Expressions (5.53), (5.54) and (5.55) go to 12θ, 2θ and −4θ respectively
as t → 0 showing as well a strongly dominant behavior in this case while
exrpession (5.56) corresponding to the only linear term is the only one which
shows a strongly subdominant character.
We will now continue this ‘subdominant analysis’ with the second possible form
of dominant balance.
Second case p=(-1,0,1)
The only other case is when the dominant balance is of the form (5.37), that is,
B k,RAD = (a,p) = ((θ, θ, 0) , (1, 0,−1)) . (5.59)
This dominant balance occurs when at least one of the first, second or eighth term
of the RHS of (5.8) is present in the dominant part of an asymptotic splitting. In
order to construct the expression (5.49) we substitute the dominant balance (5.59)
in Eqs. (5.41)-(5.48) and we divide by tp−1. Thus, we have,
fh
(1)
k,RAD(at
p)
tp−1
= fh
(1)
k,RAD(a) t
0 =
(
0, 0,
ζ2
2ξθ3
)
t0, (5.60)
fh
(2)
k,RAD(at
p)
tp−1
= fh
(2)
k,RAD(a) t
0 =
(
0, 0, − k
2
2θ3
)
t0, (5.61)
fh
(3)
k,RAD(at
p)
tp−1
= fh
(3)
k,RAD(a) t
0 =
(
0, 0,
3θ
2
)
t0, (5.62)
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fh
(4)
k,RAD(at
p)
tp−1
= fh
(4)
k,RAD(a) t
0 = ( 0, 0, 0) t0 = 0, (5.63)
fh
(5)
k,RAD(at
p)
tp−1
= fh
(5)
k,RAD(a) t
0 = ( 0, 0, 0) t0 = 0, (5.64)
fh
(6)
k,RAD(at
p)
tp−1
= fh
(6)
k,RAD(a) t
2 =
(
0, 0, − θ
2ξ
)
t2, (5.65)
fh
(7)
k,RAD(at
p)
tp−1
= fh
(7)
k,RAD(a) t
2 =
(
0, 0, − k
2ξθ
)
t2, (5.66)
fh
(8)
k,RAD(at
p)
tp−1
= fh
(8)
k,RAD(a) t
0 =
(
0, 0,
k
θ
)
t0, . (5.67)
From the above expressions (5.60)-(5.67) we can make the following general ob-
servations:
1. As t→ 0, the expressions (5.60) and (5.61) go to ζ2
2ξθ3
and − k2
2θ3
respectively
revealing a strong dominant character of the corresponding terms. Conse-
quently, when one of the first or the second term of the RHS of (5.8) shows
a dominant behavior in an asymptotic splitting, and thus leads to the bal-
ance (5.59), the other one cannot be part of the subdominant part of that
same asymptotic splitting. In other words these two terms, namely ζ
2
2ξx2y
and − k2ξ
2ξx2y
, cannot be separated between the dominant and the subdomi-
nant parts of a possible asymptotic decomposition. This happens in 32 cases
of the 63 possible asymptotic decompositions we have left. Hence, we are
now left with 31 candidates which can still lead to an asymptotic solution of
our initial radiation-curved dynamical system.
2. The third expression, (5.62), goes to 3θ
2
as t → 0. Consequently, the corre-
sponding term 3y
3
2x2
shows a very strong dominant character in this case and
it is impossible to occur in the subdominant part in any possible asymp-
totic decomposition that admits the dominant balance (5.59). There are
11 asymptotic splittings that have this characteristic out of the 31 we have
left from the previous observation and accordingly we have now 20 possible
asymptotic splittings whose asymptotic behavior needs further analysis.
3. The fourth, fifth, sixth and seventh term of the RHS of (5.8) all reveal a
very strong subdominant character for different reasons. More specifically,
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in Eqs. (5.63) and (5.64) there is no need to take the limit as t → 0 since
the value r = 0 causes fh
(4)
k,RAD(a) and f
h(5)
k,RAD(a) to vanish independently
of t. Expression (5.56) corresponds to the linear term and as expected it
vanishes as t → 0. The same happens for the expression (5.66) which was
also expected since that term is the one that leads to a different dominant
balance, namely (5.50) which was studied in the previous case.
4. The last expression, (5.63), corresponds to the eighth term of (5.8) and
one of the terms that leads to the dominant balance of the present case.
Consequently, that term was expected to show a dominant character as it
does. Taking the limit of (5.67) as t→ 0, it goes to k
θ
. Hence, it is impossible
for an asymptotic splitting which admits the dominant balance (5.59), i.e.
has the first and second terms in its dominant part, to have the term ky
x2
in its
subdominant part. There 4 asymptotic spllitings left with this characteristic
out of the 20 we have in total, thus leaving 16 asymptotic splittings to be
examined.
There are 9 more asymptotic splittings, out of the 16 we have left, that admit
the dominant balance (5.59). Five of them, namely f8 k,RAD, f
26
k,RAD, f
76
k,RAD,
f79 k,RAD and f
150
k,RAD admit the present dominant balance, (5.59), because the
eighth term is included in their dominant part while the first and second terms of
the RHS of (5.8) are included in their subdominant part. Combining the first and
fourth observations above it is clear that for these five asymptotic splittings the
expression (5.49) does not vanish as t→ 0. The other four asymptotic splittings,
namely f97 k,RAD, f
166
k,RAD, f
169
k,RAD and f
221
k,RAD contain in their dominant
part all of the necessary terms, i.e. the first, the second and the eighth, and
lead to an admissible dominant balance of the form (5.59) but the spectrum of
their Kovalevskaya matrices does not contain the eigenvalue -1, which as we have
discussed in earlier chapters, corresponds to the position of the singularity in the
final asymptotic solution. Hence, they fail to show consistency with the overall
scheme of the method of asymptotic splittings.
The general form of dominant balance p=(q+1,q,q-1)
After having discussed extensively the two special cases of the forms of possible
dominant balances, namely (5.50) and (5.59), we have explained the reasons for
which 248 asympotic splittings out of the 255 which are listed in Table (B.1) at
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the end of this chapter, fail to lead to an asymptotic solution of the radiation-
curved vector field (5.9) or the associated dynamical system (5.6)-(5.8), we are
left with 7 asympotic splittings that do not fall in any of these two categories,
namely f3 k,RAD, f
4
k,RAD, f
5
k,RAD, f
22
k,RAD, f
23
k,RAD, f
27
k,RAD and f
73
k,RAD. If
any of these 8 asymptotic splittings admits a dominant balance, it must be of the
general form (5.38), that is
B k,RAD = (a,p) = ((θ, η, ρ) , (q + 1, q, q − 1)) . (5.68)
5.3.4 The unique asymptotic decomposition
After solving one by one the dominant systems of the final 7 asympotic splittings
we conclude that the only acceptable asymptotic splitting of the vector field f k,RAD
is
f73 k,RAD = f
73(0)
k,RAD + f
73 (sub)
k,RAD, (5.69)
with dominant part
f73
(0)
k,RAD(x) =
(
y, z,
3y3
2x2
+
z2
2y
− yz
x
)
, (5.70)
and subdominant part
f73
(sub)
k,RAD(x) =
(
0, 0,
ζ2
2ξx2y
− k
2
2x2y
− y
2ξ
− k
2ξy
+
ky
x2
)
. (5.71)
A final comment about the asymptotic splittings of the field equations of the
present Section is in order. It is interesting that the dominant part of the vector
field given by Eq. (5.70) is precisely the same as that of the field in the flat,
radiation dominated case treated in [92] (see Eq. (16) in that paper). Their
difference lies in the subdominant parts of the two cases, the curved one treated
here and the flat case in [92]: Here the subdominant part given by (5.71) contains
precisely the terms of the vector field f
(sub)
0,RAD (radiation and linear terms), plus the
three curvature terms (those with a k in Eq. (5.9).
In this Section we have found that the dynamical system describing radiation
universes with curvature admits one and only one possible asymptotic behavior as
we approach the finite-time singularity. This unique asymptotic splitting allows
us to construct in the following sections an asymptotic solution of the radiation-
curved vector field (5.9) or the associated dynamical system (5.6)-(5.8) in the
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neighborhood of the initial singularity. We described some basic qualitative char-
acteristics of the behavior of the basic vector field by examining the exhaustive
list of all possible dominant asymptotic systems without solving them. Thus, we
completed the first part of our asymptotic analysis through the method of asymp-
totic splittings. In the next Section we will examine further the consistency of
the found asymptotic decomposition and we will construct the final asymptotic
solution in the form of a Fuchsian series.
5.4 Stability of the curvature-radiation asymp-
totic solution
5.4.1 Dominant balance
In this Section we will look for the possible asymptotic solutions, asymptotic forms
of integral curves of the curvature-radiation field f k,RAD. In other words, we search
for the dominant balances determined by the dominant part f73
(0)
k,RAD given by Eq.
(5.70). In order to do that, we substitute the forms (4.3) in the dominant system
(x˙, y˙, z˙)(t) = f
(0)
k,RAD and solve the resulting nonlinear algebraic system aiming to
determine the dominant balance (a,p) in the form of an exact, scale invariant
solution. Hence, we have
θp tp−1 = η tq, (5.72)
ηq tq−1 = ρ tr, (5.73)
ρr tr−1 =
3η3
2θ2
t−2p+3q +
ρ2
2η
t2r−q − ηρ
θ
tq+r−p. (5.74)
This leads to the unique curvature-radiation balance B73k,RAD ∈ C3 ×Q3, with
B73k,RAD = (a,p) =
((
θ,
θ
2
,−θ
4
)
,
(
1
2
,−1
2
,−3
2
))
, (5.75)
where θ is a real, arbitrary constant. Consequently, for reasons that we have
discussed in previous chapters we are lead to the fact that the vector field f
(0)
k,RAD
is a scale invariant system.
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5.4.2 Subdominant condition
Accordingly, we must also check that, in the basic decomposition of the curvature-
radiation field, (1.16), the higher order terms (5.71)are weight-homogeneous with
respect to the curvature-radiation balance (5.75). We begin by splitting the sub-
dominant part (5.70) in the following way,
f73
(sub)
k,RAD(x) = f
73(1)
k,RAD(x) + f
73(2)
k,RAD(x) + f
73(3)
k,RAD(x), (5.76)
where
f73
(1)
k,RAD(x) =
(
0, 0,
ky
x2
)
, (5.77)
f73
(2)
k,RAD(x) =
(
0, 0,
ζ2 − k2ξ
2ξx2y
− y
2ξ
)
, (5.78)
f73
(3)
k,RAD(x) =
(
0, 0,− k
2ξy
)
. (5.79)
and we can now look for the required condition by examining the subdominant
character of these expressions. Using the balance B73k,RAD defined by Eq. (5.75),
and taking into consideration that tr−1 = t−5/2, we construct the fractions,
f73
(1)
k,RAD(at
p)
tp−1
= f73
(1)
k,RAD(a)t, (5.80)
f73
(2)
k,RAD(at
p)
tp−1
= f73
(2)
k,RAD(a)t
2, (5.81)
f73
(3)
k,RAD(at
p)
tp−1
= f73
(3)
k,RAD(a)t
3. (5.82)
Provided that the forms f
(i)
k,RAD(a), i = 1, 2, 3, do not vanish, these fractions go to
zero asymptotically as t→ 0. This happens for all cases except when 3β + γ = 0,
that is when ξ 6= 0. We conclude that this result is true in all higher order gravity
theories except perhaps the so-called conformally invariant Bach-Weyl gravity1, cf.
[21, 103]. We conclude that the subdominant part (5.71) is weight-homogeneous
because the subdominant exponents are ordered,
q(0) = 0 < q(1) = 1 < q(2) = 2 < q(3) = 3. (5.83)
1Apparently, this case needs a separate treatment altogether.
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5.4.3 Construction of the K-matrix
In this last phase of the asymptotic analysis, our aim is to construct a final series
representation of the asymptotic solutions of the curved, radiation-filled vector
field valid in the neighborhood of the singularity in such a way that will allow
the dominant balance solutions we have construct until now to dominate it. The
number of arbitrary constants in that final series expansion will determine whether
we have a general or a particular solution and it is expected that such constants
will appear in certain places of our final formal developments. Subsequently, we
move on to check the consistency of our asymptotic solutions with the broader
mathematical context we are using and proceed to the calculation of the precise
positions of the arbitrary constants in the final series representation.
We recall that the arbitrary constants of any solution first appear in those
terms in the asymptotic series expansion whose coefficients ci have indices i =
%s, where % is a non-negative K-exponent. The least common multiple of the
denominators of the set of all subdominant exponents (5.83) and those of all the
K-exponents with positive real parts is denoted by s (in our case, s = 2). In order
to calculate those exponents we need to find the spectrum of the Kovalevskaya
matrix of the dominant part of our asymptotic decomposition with respect to the
dominant balance,
K73k,RAD = D f73(0)k,RAD(a)− diag(p). (5.84)
Hence, the K-exponents depend of the dominant part of the vector field as well as
the dominant balance. In our case, the Kovalevskaya matrix is
K73k,RAD =

−1/2 1 0
0 1/2 1
−1/2 5/4 1/2
 , (5.85)
with spectrum
spec(K73k,RAD) = {−1, 0, 3/2}, (5.86)
and corresponding eigenvectors
{(4,−2, 3), (4, 2,−1), (1, 2, 2)}. (5.87)
The number of non-negative K-exponents equals the number of arbitrary con-
stants that appear in the series expansions. There is always the −1 exponent that
corresponds to an arbitrary constant, the position of the singularity, and because
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the spec(K k,RAD) in our case possesses two non-negative eigenvalues, the balance
B73k,RAD indeed corresponds to the dominant behavior of a general solution having
the form of a formal series and valid locally around the initial singularity.
5.4.4 Construction of the formal expansion series
To find it, we substitute the Puiseux series expansions
x(t) =
∞∑
i=0
c1it
i
2
+ 1
2 , y(t) =
∞∑
i=0
c2it
i
2
− 1
2 , z(t) =
∞∑
i=0
c3it
i
2
− 3
2 , (5.88)
x˙(t) =
∞∑
i=0
c1i
(
i
2
+
1
2
)
t
i
2
− 1
2 , y˙(t) =
∞∑
i=0
c2i
(
i
2
− 1
2
)
t
i
2
− 3
2 ,
z˙(t) =
∞∑
i=0
c3i
(
i
2
− 3
2
)
t
i
2
− 5
2 ,
(5.89)
where c10 = θ, c20 = θ/2, c30 = −θ/4, in the following equivalent form of the
original system(5.6)-(5.8),
x˙ = y, (5.90)
y˙ = z, (5.91)
x2yz˙ = −x
2y2
2ξ
+
x2z2
2
− xy2z + 3y
4
2
+
ζ2ξ
2ξ
− k
2
2
− kx
2
2ξ
+ ky2, (5.92)
and we are led to various recursion relations that determine the unknowns c1i, c2i,
c3i term by term. More specifically from Eq. (5.90) after substitution we have
∞∑
i=0
c1i
(
i+ 1
2
)
t
i−1
2 =
∞∑
i=0
c2i t
i−1
2 , (5.93)
which leads to (
i+ 1
2
)
c1i = c2i . (5.94)
From Eq. (5.91) after substitution we have
∞∑
i=0
c2i
(
i− 1
2
)
t
i−3
2 =
( ∞∑
i=0
c3it
i−3
2
)
, (5.95)
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which leads to
c3i =
(
i− 1
2
)
c2i . (5.96)
From Eq. (5.92) we calculate separately each term after substitution:
x2yz˙ =
( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c3i
(
i
2
− 3
2
)
t
i
2
− 5
2
)
= t−2
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
c3(i−l)c2(l−m)c1(m−n)c1n
(
i− l
2
− 3
2
)
t
i
2 , (5.97)
−x
2y2
2ξ
= − 1
2ξ
( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)
= − 1
2ξ
t0
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
c2(i−l)c2(l−m)c1(m−n)c1n t
i
2 , (5.98)
x2z2
2
=
1
2
( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c3i t
i−3
2
)( ∞∑
i=0
c3i t
i−3
2
)
=
1
2
t−2
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
c3(i−l)c3(l−m)c1(m−n)c1n t
i
2 , (5.99)
−xy2z = −
( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c3i t
i−3
2
)
= −t−2
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
c3(i−l)c1(l−m)c2(m−n)c2n t
i
2 , (5.100)
3y4
2
=
3
2
( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)
=
3
2
t−2
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
c2(i−l)c2(l−m)c2(m−n)c2n t
i
2 , (5.101)
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−kx
2
2ξ
= − k
2ξ
( ∞∑
i=0
c1i t
i+1
2
)( ∞∑
i=0
c1i t
i+1
2
)
= − k
2ξ
t
∞∑
i=0
i∑
k=0
c1(i−k)c1k t
i
2 , (5.102)
ky2 = k
( ∞∑
i=0
c2i t
i−1
2
)( ∞∑
i=0
c2i t
i−1
2
)
= k t−1
∞∑
i=0
i∑
l=0
c2(i−l)c2l t
i
2 , (5.103)
Subsequently, we are led to the following form of (5.92),
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
(
c3(i−l)c2(l−m)c1(m−n)c1n
(
i− l
2
− 3
2
)
− 1
2
c3(i−l)c3(l−m)c1(m−n)c1n+
+c3(i−l)c1(l−m)c2(m−n)c2n − 3
2
c2(i−l)c2(l−m)c2(m−n)c2n
)
t
i
2
−2 =
=
ζ2
2ξ
− k
2
2
+
∞∑
i=0
i∑
l=0
(
k c2(i−l)c2l
)
t
i
2
−1 −
∞∑
i=0
i∑
l=0
(
k
2ξ
c1(i−l)c1l
)
t
i
2
+1−
−
∞∑
i=0
i∑
l=0
l∑
m=0
m∑
n=0
(
1
2ξ
c2(i−l)c2(l−m)c1(m−n)c1n
)
t
i
2 .
(5.104)
5.4.5 Calculation of the final series coefficients
Eqs. (5.94), (5.96) and (5.104) constitute the system from which we will now
calculate term by term the coefficients c1i, c2i and c3i of the asymptotic solution
of the initial dynamical system (4.49)-(4.51) in the form of the Fuchsian series
expansions (4.47), that is
x(t) = θt1/2 + c11 t
1 + c12 t
3/2 + c13 t
2 + c14 t
5/2 + · · · ,
y(t) =
θ
2
t−1/2 + c21 t0 + c22 t1/2 + c23 t1 + c24 t3/2 + · · · ,
z(t) = −θ
4
t−3/2 + c31 t−1 + c32 t−1/2 + c33 t0 + c34 t1/2 + · · · . (5.105)
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In what follows we will calculate the values of c1i, c2i and c3i using Eqs. (5.94),
(5.96) and (5.104) For each one of these three, we will determine a different set of
equations for the coefficients of the various powers of t.
1st set of equations
Eq. (5.94) will lead to the following equations, for the coefficients of the different
powers of t,
for the coefficients of the term t0, c21 = c11 , (5.106)
for the coefficients of the term t1/2, c22 =
3
2
c12 , (5.107)
for the coefficients of the term t1, c23 = 2c13 , (5.108)
for the coefficients of the term t3/2, c24 =
5
2
c14 . (5.109)
2nd set of equations
Calculating the coefficients of the different powers of t in Eq. (5.96), we are led to
the following equations, for the coefficients of the term t−1 (i = 1), we have
c31 = 0 , (5.110)
for the coefficients of the term t−1/2 (i = 2), we have
c32 =
1
2
c22 , (5.111)
which, taking into consideration (5.107) leads to
c32 =
3
4
c12 , (5.112)
for the coefficients of the term t0 (i = 3), we have
c33 = c23 , (5.113)
which, taking into consideration (5.108) leads to
c33 = 2c13 , (5.114)
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for the coefficients of the term t1/2 (i = 4), we have
c34 =
3
2
c24 , (5.115)
which, taking into consideration (5.109) leads to
c34 =
15
4
c14 . (5.116)
3rd set of equations
Subsequently, Eq. (5.104) will lead to the following equations by writing the
conditions for the coefficients of the different powers of t,
for the coefficients of the term t−3/2, we have
1∑
l=0
l∑
m=0
m∑
n=0
c3(1−l)c2(l−m)c1(m−n)c1n
(
1− l
2
− 3
2
)
− 1
2
c3(1−l)c3(l−m)c1(m−n)c1n+
+c3(1−l)c1(l−m)c2(m−n)c2n − 3
2
c2(1−l)c2(l−m)c2(m−n)c2n = 0 ,
(5.117)
which leads to
2c11 = 5c21, (5.118)
for the coefficients of the term t−1, we have
2∑
l=0
l∑
m=0
m∑
n=0
c3(2−l)c2(l−m)c1(m−n)c1n
(
2− l
2
− 3
2
)
− 1
2
c3(2−l)c3(l−m)c1(m−n)c1n+
+c3(2−l)c1(l−m)c2(m−n)c2n − 3
2
c2(2−l)c2(l−m)c2(m−n)c2n = k
0∑
l=0
c2(0−l)c2l ,
(5.119)
which leads to
c12 = − k
2θ
, (5.120)
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for the coefficients of the term t−1/2, we have
3∑
l=0
l∑
m=0
m∑
n=0
c3(3−l)c2(l−m)c1(m−n)c1n
(
3− l
2
− 3
2
)
− 1
2
c3(3−l)c3(l−m)c1(m−n)c1n+
+c3(3−l)c1(l−m)c2(m−n)c2n − 3
2
c2(3−l)c2(l−m)c2(m−n)c2n = k
1∑
l=0
c2(1−l)c2l ,
(5.121)
which leads to
2c13 − 5c23 + 4c33 = 0, (5.122)
for the coefficients of the term t0, we have
4∑
l=0
l∑
m=0
m∑
n=0
c3(4−l)c2(l−m)c1(m−n)c1n
(
4− l
2
− 3
2
)
− 1
2
c3(4−l)c3(l−m)c1(m−n)c1n+
+c3(4−l)c1(l−m)c2(m−n)c2n − 3
2
c2(4−l)c2(l−m)c2(m−n)c2n =
=
ζ2
2ξ
− k
2
2
+ k
2∑
l=0
c2(2−l)c2l − 1
2ξ
0∑
l=0
l∑
m=0
m∑
n=0
c2(0−l)c2(l−m)c1(m−n)c1n,
(5.123)
which leads to
c14 =
4ζ2 − θ4
12ξθ3
− k
2
8θ3
. (5.124)
5.4.6 Final form of the general solution
In the end, we are lead to the final series representation of the solution in the form:
x(t) = θ t1/2 − k
2θ
t3/2 + c13 t
2 +
(
4ζ2 − θ4
12ξτ 3
− k
2
8θ3
)
t5/2 + · · · . (5.125)
The corresponding series expansions for y(t) and z(t) are given by the first and
second time derivatives of the above expression respectively.
Fredholm’s alternative
As a final test for admission of this solution, we use Fredholm’s alternative to be
satisfied by any admissible solution. This leads to a compatibility condition for
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the positive eigenvalue 3/2 and the associated eigenvector: This condition has the
form
v> ·
(
K − j
s
I
)
cj = 0, (5.126)
where I denotes the identity matrix, and we have to satisfy this at the j = 3 level.
This gives the following orthogonality constraint,
(1, 2, 2) ·

−2c13 + c23
−c23 + c33
−1
2
c13 +
5
4
c23 − c33
 = 0 . (5.127)
Since this is indeed satisfied, we are led to the conclusion that (5.125) corresponds
indeed to a valid asymptotic solution around the singularity. We note that in
comparison with the series expansion we are led form found for the flat, radiation
case in [92] we arrive at the exact same form by setting k = 0, cf. Eq. (21)2.
Eq. (5.125) is a local expansion of a general solution around the initial
singularity since it has exactly three arbitrary constants, θ, c13 and a third one
corresponding to the arbitrary position of the singularity, taken here to be zero
without loss of generality. Additionaly, using a theorem of Goriely and Hyde, cf.
[94], we can safely conclude that there is an open set of initial conditions for which
the general solution blows up at the finite time (initial) singularity at t = 0, since
the leading order coefficients are real. Thus, the stability of our solutions in the
neighborhood of the singularity is proved.
5.5 Conclusion
In this Chapter we have analyzed the asympotic behavior of the curved, radiation-
filled FRW universes in the general quadratic gravity theory on approach to the
initial singularity. We concluded that all curved radiation solutions tend asymptot-
ically to the flat, vacuum t1/2 solution of these theories, with the possible exception
of the solutions in the conformally invariant Bach-Weyl theory.
We found a set of 255 different ways that the basic curvature-radiation vector
field of this problem can decompose asymptotically and we were able to formu-
late certain qualitative remarks. Each one of these asymptotic splittings could
in principle contain various solutions on approach to the initial singularity but
through performing a number of tests on necessary conditions that have to hold in
2In that reference, 12ξτ3 was mistakenly written as 24ξτ3.
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order to exist an admissible asymptotic solution, we are left with only one exact
solution of the scale invariant system of a unique possible asymptotic decompo-
sition. This form is precisely the one that, after the use of various asymptotic
and geometric techniques leads to the construction of a solution of the associated
dynamical system in the form of a Puiseux formal series expansion dominated by
the t1/2 solution near the singularity. Our formal series expansion possesses the
exact number of arbitrary constants in order to be a general solution, concluding
that this solution is stable under such ‘perturbations’ since it acts as an attractor
of all homogeneous and isotropic radiation solutions of the theory.
Compared with the results of the previous chapters where the stability of the
same solution was proved in the context of vacuum, flat universes and taking into
consideration the impressive restrictions placed by the higher order field equations
on the structure of the possible initial cosmological states of the theory we are lead
to believe that the initial state of radiation-filled universes of this class possibly
resembles the one of the vacuum, flat models. This remark is supported not only
by the fact that the unique possible mode of approach to the singularity was found
to be the one in which the curvature as well as the radiation parameters enter only
in the subdominant part of the vector field asymptotically but also by the general
behavior of these parameters through out our asymptotic analysis. Meaning that
in the great majority of the possible asymptotic decompositions, the existence of
these parameters was the main reason of their failure to lead to an asymptotic
balance.
Chapter 6
Discussion
In this thesis, we studied the asymptotic behavior of the vacuum flat and curved,
isotropic and homogeneous universes with a general action of the form,
S =
∫
M
L(R)dµg, (6.1)
where
L(R) = L(0) + aR + bR2 + cRµνRµν + dRµνκλRµνκλ, (6.2)
as well as the ones filled with radiation in the curved case. For each one of these
classes of cosmological models we constructed an autonomous dynamical system
and an associated vector field which fully describe their evolution. Subsequently,
we applied the method of asymptotic splittings presented in [93] through which
we decomposed the relevant vector fields in all the possible ways they could show
a dominant behavior on approach to the initial singularity. Through a series
of qualitative and analytical arguments we discovered the decompositions which
dominate asympoticaly the dynamical systems in question and constructed their
asymptotic solutions in the form of convergent formal series. The specific way we
performed our asymptotic analysis allows us to observe in great detail how the
different features of curvature and radiation affect the asymptotic behavior of the
universes we studied. Additionaly, the final form of the asymptotic solutions we
obtained proves the stability of those solutions with respect to such ‘pertubations’.
That is, to the addition of higher-order curvature invariants to the Einstein-Hilbert
action.
Our treatment showed that both radiation and vacuum, flat or curved cos-
mological models are attracted by the ‘universal’ t1/2 asymptote near the initial
87
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singularity and, in all these universes, this is the most dominant feature . How-
ever, open vacua show a more complex behavior in these models because they
admit particular asymptotic solutions, that is universes that emerge from initial
data sets of smaller dimension and valid for both early and late times. These
universes asymptote to the αt Milne form during their early and late evolution to-
ward finite-time singularities. On the other hand, closed vacua advance in time as
more complicated solutions that are identified by logarithmic formal series, but on
approach to the singularity their leading order is described again by singularities
similar to the open case studied here.
The solutions found for the radiation-curved universes indeed correspond
to the vacuum ones by letting the constant ζ tend to zero, meaning that these
forms are indeed possible in the general vacuum evolution. In the curved case
this comes from the asymptotic splitting f7 k,VAC. However, the vacuum field
has more decompositions, namely f12 k,VAC and f
42
k,VAC, that now include the
effects of vacuum and curvature appearing in their dominant part asymptotically
(cf. beginning of Chapter 4) impossible in the radiation problem. Using these
forms, we were able to find new asymptotic vacua not having any relation to those
obtained from the radiation ones by letting the constant ζ tend to zero. These
in turn lead to Milne type attractors monitoring precisely the dominant effects of
vacuum and curvature in the asymptotic evolution.
As explained in Chapter 2, the Lagrangian of these theories is equivalent
to the form R + ξR2. Nevertheless, this case is not the same as the general
R + αR2, where α is a completely arbitrary parameter, since in the case studied
here the parameter ξ is a function of the coefficients of the quadratic corrections
in the general Lagrangian (6.2). Thus, it is an interesting problem to explore in
what ways the various results concerning the R + ξR2 Lagrangian are affected
by the different ‘weights’ of the higher curvature invariants in the initial general
Lagrangian. In our case specifically, we can easily see that by substituting the
parameter  = ξ/6 with the equivalent expression b+ 1
3
c+ 4
3
d− 1) we will obtain
an equivalent system whose terms would include the parameters a, b, c and d.
Treating, this new vector field, with the method of asymptotic splittings, could
possibly reach to very interesting conclusions about the way each higher-order
curvature invariant affects the asymptotic behavior of these universes.
The attractor properties of our solutions and the existence of the Milne
singularity bear a potential significance for the ekpyrotic scenario and its cyclic
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extension, wherein the passage through the singularity in these models, ‘the linch-
pin of the cyclic picture’, depends on the stability of a Milne-type state under
various kinds of perturbations [104–107]. In particular, during the brane collision
it is found that the spacetime asymptotes to Milne and so it is expected that
higher derivative corrections will be small during such a phase, cf. [108–110]. Our
work indicates that such Milne states may indeed dynamically emerge as stable
asymptotes during the evolution in any theory with higher order corrections in
vacuum or with a radiation content. What remains is an interesting issue (that
can be fully addressed with our asymptotic methods), that is to find whether the
‘compactified Milne mod Z2’×R3 space monitoring the reversal phase in the ekpy-
rotic and cyclic scenarios also emerges asymptotically as a stable attractor in the
dynamics of higher order gravity when the matter content is a fluid with a general
equation of state.
As far as it regards the general problem of having pure radiation or vacuum
substituted by a fluid with a general equation of state p = wρ who would like to
point out that new terms would appear in place of simple radiation terms, in this
case, for instance of the form (
y, z,
ζ2
2ξx3w+1y
)
. (6.3)
In such an approach, we would need to consider all different ranges of values of the
fluid parameter w to see if new forms of asymptotic evolution are possible even
though in the limits of radiation and vacuum, it reduces to the known forms.
Appendix A
Asymptotic splittings of the
vacuum-curved vector field
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Table A.1: List of f k,VAC possible asymptotic decompositions.
Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f1 k,VAC
(
y, y
2
2x
,−2xz
) (
0,−3xy + kxz − k2z2
2x
− x
12
− kz
12x
, 0
)
f2 k,VAC (y,−3xy,−2xz)
(
0, y
2
2x
+ kxz − k2z2
2x
− x
12
− kz
12x
, 0
)
f3 k,VAC (y,+kxz,−2xz)
(
0, y
2
2x
− 3xy − k2z2
2x
− x
12
− kz
12x
, 0
)
f4 k,VAC
(
y,−k2z2
2x
,−2xz
) (
0, y
2
2x
− 3xy + kxz − x
12
− kz
12x
, 0
)
f5 k,VAC
(
y,− x
12
,−2xz) (0, y2
2x
− 3xy + kxz − k2z2
2x
− kz
12x
, 0
)
f6 k,VAC
(
y,− kz
12x
,−2xz) (0, y2
2x
− 3xy + kxz − k2z2
2x
− x
12
, 0
)
f7 k,VAC
(
y, y
2
2x
− 3xy,−2xz
) (
0,+kxz − k2z2
2x
− x
12
− kz
12x
, 0
)
f8 k,VAC
(
y, y
2
2x
+ kxz,−2xz
) (
0,−3xy − k2z2
2x
− x
12
− kz
12x
, 0
)
f9 k,VAC
(
y, y
2
2x
− k2z2
2x
,−2xz
) (
0,−3xy + kxz − x
12
− kz
12x
, 0
)
f10 k,VAC
(
y, y
2
2x
− x
12
,−2xz
) (
0,−3xy + kxz − k2z2
2x
− kz
12x
, 0
)
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Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f11 k,VAC
(
y, y
2
2x
− kz
12x
,−2xz
) (
0,−3xy + kxz − k2z2
2x
− x
12
, 0
)
f12 k,VAC (y,−3xy + kxz,−2xz)
(
0, y
2
2x
− k2z2
2x
− x
12
− kz
12x
, 0
)
f13 k,VAC
(
y,−3xy − k2z2
2x
,−2xz
) (
0, y
2
2x
+ kxz − x
12
− kz
12x
, 0
)
f14 k,VAC
(
y,−3xy − x
12
,−2xz) (0, y2
2x
+ kxz − k2z2
2x
− kz
12x
, 0
)
f15 k,VAC
(
y,−3xy − kz
12x
,−2xz) (0, y2
2x
+ kxz − k2z2
2x
− x
12
, 0
)
f16 k,VAC
(
y,+kxz − k2z2
2x
,−2xz
) (
0, y
2
2x
− 3xy − x
12
− kz
12x
, 0
)
f17 k,VAC
(
y,+kxz − x
12
,−2xz) (0, y2
2x
− 3xy − k2z2
2x
− kz
12x
, 0
)
f18 k,VAC
(
y,+kxz − kz
12x
,−2xz) (0, y2
2x
− 3xy − k2z2
2x
− x
12
, 0
)
f19 k,VAC
(
y,−k2z2
2x
− x
12
,−2xz
) (
0, y
2
2x
− 3xy + kxz − kz
12x
, 0
)
f20 k,VAC
(
y,−k2z2
2x
− kz
12x
,−2xz
) (
0, y
2
2x
− 3xy + kxz − x
12
, 0
)
f21 k,VAC
(
y,− x
12
− kz
12x
,−2xz) (0, y2
2x
− 3xy + kxz − k2z2
2x
, 0
)
A
p
p
en
d
ix
A
.
A
sym
ptotic
splittin
gs
of
the
vacu
u
m
-cu
rved
vector
fi
eld
93
Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f22 k,VAC
(
y, y
2
2x
− 3xy + kxz,−2xz
) (
0,−k2z2
2x
− x
12
− kz
12x
, 0
)
f23 k,VAC
(
y, y
2
2x
− 3xy − k2z2
2x
,−2xz
) (
0,+kxz − x
12
− kz
12x
, 0
)
f24 k,VAC
(
y, y
2
2x
− 3xy − x
12
,−2xz
) (
0,+kxz − k2z2
2x
− kz
12x
, 0
)
f25 k,VAC
(
y, y
2
2x
− 3xy − kz
12x
,−2xz
) (
0,+kxz − k2z2
2x
− x
12
, 0
)
f26 k,VAC
(
y, y
2
2x
+ kxz − k2z2
2x
,−2xz
) (
0,−3xy − x
12
− kz
12x
, 0
)
f27 k,VAC
(
y, y
2
2x
+ kxz − x
12
,−2xz
) (
0,−3xy − k2z2
2x
− kz
12x
, 0
)
f28 k,VAC
(
y, y
2
2x
+ kxz − kz
12x
,−2xz
) (
0,−3xy − k2z2
2x
− x
12
, 0
)
f29 k,VAC
(
y, y
2
2x
− k2z2
2x
− x
12
,−2xz
) (
0,−3xy + kxz − kz
12x
, 0
)
f30 k,VAC
(
y, y
2
2x
− k2z2
2x
− kz
12x
,−2xz
) (
0,−3xy + kxz − x
12
, 0
)
f31 k,VAC
(
y, y
2
2x
− x
12
− kz
12x
,−2xz
) (
0,−3xy + kxz − k2z2
2x
, 0
)
f32 k,VAC
(
y,−3xy + kxz − k2z2
2x
,−2xz
) (
0, y
2
2x
− x
12
− kz
12x
, 0
)
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Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f33 k,VAC
(
y,−3xy + kxz − x
12
,−2xz) (0, y2
2x
− k2z2
2x
− kz
12x
, 0
)
f34 k,VAC
(
y,−3xy + kxz − kz
12x
,−2xz) (0, y2
2x
− k2z2
2x
− x
12
, 0
)
f35 k,VAC
(
y,−3xy − k2z2
2x
− x
12
,−2xz
) (
0, y
2
2x
+ kxz − kz
12x
, 0
)
f36 k,VAC
(
y,−3xy − k2z2
2x
− kz
12x
,−2xz
) (
0, y
2
2x
+ kxz − x
12
, 0
)
f37 k,VAC
(
y,−3xy − x
12
− kz
12x
,−2xz) (0, y2
2x
+ kxz − k2z2
2x
, 0
)
f38 k,VAC
(
y,+kxz − k2z2
2x
− x
12
,−2xz
) (
0, y
2
2x
− 3xy − kz
12x
, 0
)
f39 k,VAC
(
y,+kxz − k2z2
2x
− kz
12x
,−2xz
) (
0, y
2
2x
− 3xy − x
12
, 0
)
f40 k,VAC
(
y,+kxz − x
12
− kz
12x
,−2xz) (0, y2
2x
− 3xy − k2z2
2x
, 0
)
f41 k,VAC
(
y,−k2z2
2x
− x
12
− kz
12x
,−2xz
) (
0, y
2
2x
− 3xy + kxz, 0
)
f42 k,VAC
(
y, y
2
2x
− 3xy + kxz − k2z2
2x
,−2xz
) (
0,− x
12
− kz
12x
, 0
)
f43 k,VAC
(
y, y
2
2x
− 3xy + kxz − x
12
,−2xz
) (
0,−k2z2
2x
− kz
12x
, 0
)
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Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f44 k,VAC
(
y, y
2
2x
− 3xy + kxz − kz
12x
,−2xz
) (
0,−k2z2
2x
− x
12
, 0
)
f45 k,VAC
(
y, y
2
2x
− 3xy − k2z2
2x
− x
12
,−2xz
) (
0,+kxz − kz
12x
, 0
)
f46 k,VAC
(
y, y
2
2x
− 3xy − k2z2
2x
− kz
12x
,−2xz
) (
0,+kxz − x
12
, 0
)
f47 k,VAC
(
y, y
2
2x
− 3xy − x
12
− kz
12x
,−2xz
) (
0,+kxz − k2z2
2x
, 0
)
f48 k,VAC
(
y, y
2
2x
+ kxz − k2z2
2x
− x
12
,−2xz
) (
0,−3xy − kz
12x
, 0
)
f49 k,VAC
(
y, y
2
2x
+ kxz − k2z2
2x
− kz
12x
,−2xz
) (
0,−3xy − x
12
, 0
)
f50 k,VAC
(
y, y
2
2x
+ kxz − x
12
− kz
12x
,−2xz
) (
0,−3xy − k2z2
2x
, 0
)
f51 k,VAC
(
y, y
2
2x
− k2z2
2x
− x
12
− kz
12x
,−2xz
)
(0,−3xy + kxz, 0)
f52 k,VAC
(
y,−3xy + kxz − k2z2
2x
− x
12
,−2xz
) (
0, y
2
2x
− kz
12x
, 0
)
f53 k,VAC
(
y,−3xy + kxz − k2z2
2x
− kz
12x
,−2xz
) (
0, y
2
2x
− x
12
, 0
)
f54 k,VAC
(
y,−3xy + kxz − x
12
− kz
12x
,−2xz) (0, y2
2x
− k2z2
2x
, 0
)
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Asymptotic splittings of the vacuum-curved vector field
fn k,VAC f
n(0)
k,VAC f
n(sub)
k,VAC
f55 k,VAC
(
y,−3xy − k2z2
2x
− x
12
− kz
12x
,−2xz
) (
0, y
2
2x
+ kxz, 0
)
f56 k,VAC
(
y,+kxz − k2z2
2x
− x
12
− kz
12x
,−2xz
) (
0, y
2
2x
− 3xy, 0
)
f57 k,VAC
(
y, y
2
2x
− 3xy + kxz − k2z2
2x
− x
12
,−2xz
) (
0,− kz
12x
, 0
)
f58 k,VAC
(
y, y
2
2x
− 3xy + kxz − k2z2
2x
− kz
12x
,−2xz
) (
0,− x
12
, 0
)
f59 k,VAC
(
y, y
2
2x
− 3xy + kxz − x
12
− kz
12x
,−2xz
) (
0,−k2z2
2x
, 0
)
f60 k,VAC
(
y, y
2
2x
− 3xy − k2z2
2x
− x
12
− kz
12x
,−2xz
)
(0,+kxz, 0)
f61 k,VAC
(
y, y
2
2x
+ kxz − k2z2
2x
− x
12
− kz
12x
,−2xz
)
(0,−3xy, 0)
f62 k,VAC
(
y,−3xy + kxz − k2z2
2x
− x
12
− kz
12x
,−2xz
) (
0, y
2
2x
, 0
)
f63 k,VAC
(
y, y
2
2x
− 3xy + kxz − k2z2
2x
− x
12
− kz
12x
,−2xz
)
(0, 0, 0)
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Table B.1: List of f k,RAD possible asymptotic decompositions.
Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f1 k,RAD
(
y, z, ζ
2
2ξx2y
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f2 k,RAD
(
y, z,− k2ξ
2ξx2y
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f3 k,RAD
(
y, z, 3y
3
2x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f4 k,RAD
(
y, z, z
2
2y
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f5 k,RAD
(
y, z,−yz
x
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f6 k,RAD
(
y, z,− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f7 k,RAD
(
y, z,− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f8 k,RAD
(
y, z, ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f9 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f10 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
) (
0, 0,− −k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f11 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
) (
0, 0,− −k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f12 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
) (
0, 0,− −k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f13 k,RAD
(
y, z, ζ
2
2ξx2y
− y
2ξ
) (
0, 0,− −k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f14 k,RAD
(
y, z, ζ
2
2ξx2y
− k
2ξy
) (
0, 0,− −k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f15 k,RAD
(
y, z, ζ
2
2ξx2y
+ ky
x2
) (
0, 0,− −k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f16 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f17 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f18 k,RAD
(
y, z,− k2
2x2y
− yz
x
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f19 k,RAD
(
y, z,− k2
2x2y
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f20 k,RAD
(
y, z,− k2
2x2y
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f21 k,RAD
(
y, z,− k2
2x2y
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f22 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f23 k,RAD
(
y, z, 3y
3
2x2
− yz
x
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f24 k,RAD
(
y, z, 3y
3
2x2
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f25 k,RAD
(
y, z, 3y
3
2x2
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f26 k,RAD
(
y, z, 3y
3
2x2
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f27 k,RAD
(
y, z, z
2
2y
− yz
x
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
)
f28 k,RAD
(
y, z, z
2
2y
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
)
f29 k,RAD
(
y, z, z
2
2y
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
)
f30 k,RAD
(
y, z, z
2
2y
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
)
f31 k,RAD
(
y, z,−yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
)
f32 k,RAD
(
y, z,−yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f33 k,RAD
(
y, z,−yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
)
f34 k,RAD
(
y, z,− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
)
f35 k,RAD
(
y, z,− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
)
f36 k,RAD
(
y, z,− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
)
f37 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
) (
0, 0, z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f38 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
) (
0, 0, 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f39 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
) (
0, 0, 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f40 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f41 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− k
2ξy
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f42 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f43 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
) (
0, 0,− k2
2x2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f44 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
) (
0, 0,− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f45 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f46 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− k
2ξy
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f47 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f48 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
)
f49 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
)
f50 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
)
f51 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
)
f52 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− y
2ξ
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
)
f53 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
)
f54 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f55 k,RAD
(
y, z, ζ
2
2ξx2y
− y
2ξ
− k
2ξy
+
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
)
f56 k,RAD
(
y, z, ζ
2
2ξx2y
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
)
f57 k,RAD
(
y, z, ζ
2
2ξx2y
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
)
f58 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
) (
0, 0, ζ
2
2ξx2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f59 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f60 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f61 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f62 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f63 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
)
f64 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
)
f65 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f66 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
)
f67 k,RAD
(
y, z,− k2
2x2y
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
)
f68 k,RAD
(
y, z,− k2
2x2y
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
)
f69 k,RAD
(
y, z,− k2
2x2y
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
)
f70 k,RAD
(
y, z,− k2
2x2y
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
)
f71 k,RAD
(
y, z,− k2
2x2y
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
)
f72 k,RAD
(
y, z,− k2
2x2y
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
)
f73 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f74 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− k
2ξy
+ ky
x2
)
f75 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
)
f76 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f77 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− k
2ξy
+ ky
x2
)
f78 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
+ ky
x2
)
f79 k,RAD
(
y, z, 3y
3
2x2
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
)
f80 k,RAD
(
y, z, 3y
3
2x2
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
+ ky
x2
)
f81 k,RAD
(
y, z, 3y
3
2x2
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
)
f82 k,RAD
(
y, z, 3y
3
2x2
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
)
f83 k,RAD
(
y, z, z
2
2y
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
)
f84 k,RAD
(
y, z, z
2
2y
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
)
f85 k,RAD
(
y, z, z
2
2y
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
)
f86 k,RAD
(
y, z, z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
+ ky
x2
)
f87 k,RAD
(
y, z, z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f88 k,RAD
(
y, z, z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
)
f89 k,RAD
(
y, z,−yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
+ ky
x2
)
f90 k,RAD
(
y, z,−yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
)
f91 k,RAD
(
y, z,−yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
)
f92 k,RAD
(
y, z,− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
)
f93 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
) (
0, 0,−yz
x
− y
2ξ
− k
2ξy
+ ky
x2
)
f94 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
) (
0, 0, z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f95 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
) (
0, 0, z
2
2y
− yz
x
− k
2ξy
+ ky
x2
)
f96 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− k
2ξy
) (
0, 0, z
2
2y
− yz
x
− y
2ξ
+ ky
x2
)
f97 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ ky
x2
) (
0, 0, z
2
2y
− yz
x
− y
2ξ
− k
2ξy
)
f98 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
) (
0, 0, 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f99 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
) (
0, 0, 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
)
f100 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− k
2ξy
) (
0, 0, 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
)
f101 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
+ ky
x2
) (
0, 0, 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
)
f102 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
) (
0, 0, 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
)
f103 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− k
2ξy
) (
0, 0, 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
)
f104 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
)
f105 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
− k
2ξy
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
)
f106 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
)
f107 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− k
2ξy
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
)
f108 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
) (
0, 0,− k2
2x2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f109 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
) (
0, 0,− k2
2x2y
− yz
x
− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f110 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
) (
0, 0,− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
)
f111 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
+ ky
x2
) (
0, 0,− k2
2x2y
− yz
x
− y
2ξ
− k
2ξy
)
f112 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
) (
0, 0,− k2
2x2y
+ z
2
2y
− k
2ξy
+ ky
x2
)
f113 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− k
2ξy
) (
0, 0,− k2
2x2y
+ z
2
2y
− y
2ξ
+ ky
x2
)
f114 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
)
f115 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
+ ky
x2
)
f116 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
)
f117 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
)
f118 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
)
f119 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
)
f120 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
)
A
p
p
en
d
ix
B
.
A
sym
ptotic
splittin
gs
of
the
radiation
-cu
rved
vector
fi
eld
109
Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f121 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
+ ky
x2
)
f122 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
)
f123 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
)
f124 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
+ ky
x2
)
f125 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
)
f126 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
)
f127 k,RAD
(
y, z, ζ
2
2ξx2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
)
f128 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
) (
0, 0, ζ
2
2 x2y
− y
2ξ
− k
2ξy
+ ky
x2
)
f129 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− yz
x
− k
2ξy
+ ky
x2
)
f130 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− yz
x
− y
2ξ
+ ky
x2
)
f131 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− yz
x
− y
2ξ
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f132 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− k
2ξy
+ ky
x2
)
f133 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
+ ky
x2
)
f134 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
− k
2ξy
)
f135 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
+ ky
x2
)
f136 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− k
2ξy
)
f137 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
)
f138 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
)
f139 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
)
f140 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
)
f141 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
+ ky
x2
)
f142 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f143 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
)
f144 k,RAD
(
y, z,− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
)
f145 k,RAD
(
y, z,− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
)
f146 k,RAD
(
y, z, k
2
2x2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
)
f147 k,RAD
(
y, z,− k2
2x2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
)
f148 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− k
2ξy
+ ky
x2
)
f149 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
+ ky
x2
)
f150 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
− k
2ξy
)
f151 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
+ ky
x2
)
f152 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− k
2ξy
)
f153 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f154 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
+ ky
x2
)
f155 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− k
2ξy
)
f156 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
)
f157 k,RAD
(
y, z, 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
)
f158 k,RAD
(
y, z, z
2
2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ ky
x2
)
f159 k,RAD
(
y, z, z
2
2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
)
f160 k,RAD
(
y, z, z
2
2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
)
f161 k,RAD
(
y, z, z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
)
f162 k,RAD
(
y, z,−yz
x
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
)
f163 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
) (
0, 0,− y
2ξ
− k
2ξy
+ ky
x2
)
f164 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
) (
0, 0,−yz
x
− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f165 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
) (
0, 0,−yz
x
− y
2ξ
+ ky
x2
)
f166 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
+ ky
x2
) (
0, 0,−yz
x
− y
2ξ
− k
2ξy
)
f167 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
) (
0, 0, z
2
2y
− k
2ξy
+ ky
x2
)
f168 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
) (
0, 0, z
2
2y
− y
2ξ
+ ky
x2
)
f169 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
+ ky
x2
) (
0, 0, z
2
2y
− y
2ξ
− k
2ξy
)
f170 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
) (
0, 0, z
2
2y
− yz
x
+ ky
x2
)
f171 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− y
2ξ
+ ky
x2
) (
0, 0, z
2
2y
− yz
x
− k
2ξy
)
f172 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− k
2ξy
+ ky
x2
) (
0, 0, z
2
2y
− yz
x
− y
2ξ
)
f173 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0,+ 3y
3
2x2
− k
2ξy
+ ky
x2
)
f174 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0,+ 3y
3
2x2
− y
2ξ
+ ky
x2
)
f175 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0,+ 3y
3
2x2
− y
2ξ
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f176 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0,+ 3y
3
2x2
− yz
x
+ ky
x2
)
f177 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0,+ 3y
3
2x2
− yz
x
− k
2ξy
)
f178 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0,+ 3y
3
2x2
− yz
x
− y
2ξ
)
f179 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, 3y
3
2x2
+ z
2
2y
+ ky
x2
)
f180 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− k
2ξy
)
f181 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− y
2ξ
)
f182 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, 3y
3
2x2
+ z
2
2y
− yz
x
)
f183 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0,− k2
2x2y
− k
2ξy
+ ky
x2
)
f184 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0,− k2
2x2y
− y
2ξ
+ ky
x2
)
f185 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0,− k2
2x2y
− y
2ξ
− k
2ξy
)
f186 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
− yz
x
− k
2ξy
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f187 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
− yz
x
− k
2ξy
)
f188 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
− yz
x
− y
2ξ
)
f189 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0,− k2
2x2y
+ z
2
2y
+ ky
x2
)
f190 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− k
2ξy
)
f191 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− y
2ξ
)
f192 k,RAD
(
y, z, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ z
2
2y
− yz
x
)
f193 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ ky
x2
)
f194 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− k
2ξy
)
f195 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
)
f196 k,RAD
(
y, z, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
− yz
x
)
f197 k,RAD
(
y, z, ζ
2
2ξx2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f198 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0, ζ
2
2ξx2y
− k
2ξy
+ ky
x2
)
f199 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− y
2ξ
+ ky
x2
)
f200 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− y
2ξ
− k
2ξy
)
f201 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− yz
x
+ ky
x2
)
f202 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− yz
x
− k
2ξy
)
f203 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− yz
x
− y
2ξ
)
f204 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
+ ky
x2
)
f205 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− k
2ξy
)
f206 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− y
2ξ
)
f207 k,RAD
(
y, z,− k2
2x2y
+ 3y
3
2x2
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ z
2
2y
− yz
x
)
f208 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f209 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− k
2ξy
)
f210 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− y
2ξ
)
f211 k,RAD
(
y, z,− k2
2x2y
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
− yz
x
)
f212 k,RAD
(
y, z,− k2
2x2y
− yz
x
− y
2ξ
+ ky
x2
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
+ 3y
3
2x2
+ z
2
2y
)
f213 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ ky
x2
)
f214 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− k
2ξy
)
f215 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− y
2ξ
)
f216 k,RAD
(
y, z, 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
− yz
x
)
f217 k,RAD
(
y, z, 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ z
2
2y
)
f218 k,RAD
(
y, z, z
2
2y
− yz
x
− y
2ξ
− k
2ξy
+ ky
x2
) (
0, 0, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
)
f219 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− y
2ξ
) (
0, 0,− k
2ξy
+ ky
x2
)
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Asymptotic splittings of the radiation-curved vector field
fn k,RAD f
n(0)
k,RAD f
n(sub)
k,RAD
f220 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
− k
2ξy
) (
0, 0,− y
2ξ
+ ky
x2
)
f221 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− yz
x
+ ky
x2
) (
0, 0,− y
2ξ
− k
2ξy
)
f222 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
− k
2ξy
) (
0, 0,−yz
x
+ ky
x2
)
f223 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− y
2ξ
+ ky
x2
) (
0, 0,−yz
x
− k
2ξy
)
f224 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
+ z
2
2y
− k
2ξy
+ ky
x2
) (
0, 0,−yz
x
− y
2ξ
)
f225 k,RAD
(
y, z, ζ
2
2ξx2y
− k2
2x2y
+ 3y
3
2x2
− yz
x
− y
2ξ
− k
2ξy
) (
0, 0, z
2
2y
+ ky
x2
)
f226 k,RAD
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Asymptotic splittings of the radiation-curved vector field
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Asymptotic splittings of the radiation-curved vector field
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Asymptotic splittings of the radiation-curved vector field
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